
On incomparability of some procedural semantics of untyped
functional programs

Gor Ghazaryan
Russian-Armenian University

Yerevan, Armenia

e-mail: gghazaryan@hotmail.com

ABSTRACT
In the paper [1] it is shown that procedural semantics that
use interpretation algorithm active and interpretation algo-
rithms based on left, right, full substitutions and reductions
are not complete and are pairwise incomparable for pro-
grams with more than one equation. In this paper we prove
that those procedural semantics are incomparable for pro-
grams with only one equation.
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1. INTRODUCTION
This paper is about procedural semantics that use interpre-
tation algorithms introduced in [1]. The author of [1] proves
that procedural semantics using interpretation algorithm ac-
tive and interpretation algorithms based on left, right, full
substitutions and reductions are pairwise incomparable. In
this papar we present the notion of incomparability of pro-
cedural semantics for programs with one equation. The aim
of the paper is to achieve the same results for programs with
only one equation.

2. DEFINITIONS USED AND PREVIOUS
RESULTS

The main definitions and notations used in this paper can
be found in [1], [2]. Let V be a countable set of variables.

Definition 2.1 The set of terms Λ is the least set satisfying
the following conditions:

1. If x ∈ V , then x ∈ Λ;
2. If t1, t2 ∈ Λ, then (t1t2) ∈ Λ;
3. If x ∈ V , and t ∈ Λ, then (λx.t) ∈ Λ.

Let us give short notations for terms: the term (. . . (t1t2) . . .tk)
where ti ∈ Λ, i = 1, . . . , k, k > 1, is denoted as t1t2. . .tk
and the term (λx1(λx2(...λxm.t) . . .), where t ∈ Λ, xj ∈ V ,
is denoted as λx1x2 . . . xm.t, j = 1, . . . , m, m > 0.
The notions of a free and bound occurrence of a variable
in a term and the notion of a free variable of a term are
introduced in a conventional way. The set of all free vari-
ables of a term t is denoted as fv(t). A term that does
not contain free variables is called closed. To show mutu-
ally different variables of ineterest x1, x2, . . . xn, n ≥ 1, of a
term t, the notation t[x1, x2, . . . , xn] is used. The notation
t[t1, t2, . . . , tn] (or t[x1 := t1, x2 := t2, . . . , xn := tn]) denotes
the term obtained by the simultaneous substitution of the

terms t1, t2, . . . , tn for all free occurrences of the variables
x1, x2, . . . , xn respectively, into the term t. The notation
t{xi1 , xi2 , . . . , xik

} is used to denote a term t with the indi-
cation of all k ≥ 0 free occurrencies of variables x1, x2, . . . xn

(from the left to the right), xij ∈ {x1, x2, . . . xn} , j =
1, . . . , k. The term obtained from a term t as a result of
the simultaneous substitution of the terms t1, t2, . . . , tk for
the first, second, etc., k the free occurrencies of the variables
x1, x2, . . . xn is denoted as t {t1, t2, . . . tk}. A substitution is
said to be admissible if all free variables of the term being
substituted remain free after substitutions. We will consider
only admissible substitution. Terms t1 and t2 are said to be
congruent (which is denoted as t1 ≡ t2) if one term can be
obtained from the other by renaming bound variables. Con-
gruent terms are considered identical.
The notion of β-reduction is the following:

β =
{

((λx.t[x])t
′
, t[x := t

′
]) | t, t

′
∈ Λ, x ∈ V

}
.

The relations →β , →→β , =β are defined in a standart way.

In what follows, we will omit symbol β. The term (λx.t [x]) t
′

is reffered to as a β-redex (simply redex). A term not con-
taining redexes is reffered to as a β-normal form (simply
normal form).
We will denote the set of all normal forms by NF and the
set of all closed normal forms by NF 0. A term t is said to

have a normal form if there exists a term t
′
∈ NF such that

t = t
′
.

Also, the following notations are introduced:
< t1, . . . , tm > ≡ λx.xt1 . . . tm, where x ∈ V , ti ∈ Λ, x /∈
fv (ti) , i=1,. . . , m, m≥ 1,
Um

i ≡ λx1 . . . xm.xi , where xi ∈ V , k 6= j =⇒ xk 6≡
xj , k, j = 1, . . . , m, 1≤ i ≤ m, m ≥ 1,
Pm

i ≡ λx.xUmi , where x ∈ V, 1 ≤ i ≤ m, m ≥ 1,
Y ≡ λh. (λx.h (xx)) (λx.h (xx)) is a fixed-point combina-
tory, where x, h ∈ V.

Definition 2.2 An untyped functional program is a sys-
tem of equations of the form

f1 = t1[f1 . . . fm]

. . . (1)

fm = tm[f1 . . . fm]

where fi ∈ V, i 6= j =⇒ fi 6≡ fj , ti [f1 . . . fm] ∈ Λ,
fv (ti [f1 . . . fm]) ⊆ {f1, . . . , fm} , i, j = 1, . . . , m, m ≥ 1.

The first equation of the system is considered to be the prin-
cipal equation of the program.

We will denote the set of all untyped functional programs
with one equation by Prog.



Let us consder the solution of system (1)

(τ1, . . . , τm) , (2)

where τi≡ P m
i (Y (λx. < t1 [P m

1 x, . . . , P m
m x] , . . . ,

tm [P m
1 x, . . . , P m

m x] >, i = 1, . . . , m.

The term τ1 is said to be the principal component of solu-
tion (2) or the fixed-point semantics of program (1).
The term τi is said to be recursive if fi ∈ fv(τi), i =
1, . . . , m.

Definition 2.3 Let P be a program (1) and τ1 be the fixed-
point semantics of program P . The set Fix (P ) correspond-
ing to the fixed point semantics of program P will be defined
in the following way:
Fix (P ) = {(v1, . . . , vk, t0) | τ1v1 . . . vk →→ t0, v1, . . . , vk, t0
∈ NF 0, k ≥ 0}.

Let us introduce the notion of an interpretation algorithm
A. Having received a program P of form (1) and term X
on its input, the algorithm A either terminates with the

result X
′
∈ NF , where fv

(
X

′
)
∩ {f1, . . . , fm} = ∅, or

works endlessly. Interpretation algorithms use two type of
operations:

(a) the substitution of terms t1 [f1 . . . fm] , . . . , tm[f1 . . . fm]
for some free occurrences of variables f1, . . . , fm respecti-
vally, and

(b) a one step β-reduction.

We will denote the set of all interpretation algorithms by A.

Definition 2.4 Let P be a program (1) and A be an inter-
pretation algorithm. The set ProcA (P ) corresponding to
the procedural semantics that uses the interpretation algo-
rithm A will be defined in the following way:
ProcA (P ) = {(v1, . . . , vk, t0) | A

(
P, t1[f1, . . . , fm]v1 . . . vk

)
is determined and equal to t0, where v1, . . . , vk, t0 ∈ NF 0,
k ≥ 0}.

3. INCOMPARABILITY OF PROCEDURAL
SEMANTICS

We say that procedural semantics using interpretation al-
gorithm A is consistent (complete) if ProcA (P ) ⊂ Fix (P )
(Fix (P ) ⊂ ProcA (P ), respectively) for any program P .
Procedural sematics that use interpretation algorithms A
and B are incomparable for programs with one equation if
(a) ∃P ∈ Prog ; ProcA (P ) 6⊂ ProcB (P ),
(b) ∃P ∈ Prog ; ProcB (P ) 6⊂ ProcA (P ).

The following theorem is proved in [1]:
Theorem 3.1 (on consistency) For any program P and
interpretation algorithm A, ProcA (P ) ⊂ Fix(P ).

Let L(X) be the term X if X ∈ NF , and X
′
obtained from X

by applying a one-step left reduction. We define algorithm
N , when given term X, constructs its normal form if it exits
or functions endlessly otherwise.
Algorithm N.
Input: term X.
Output: term N(X) if N is determined on X.
1. If X ∈ NF , then X; else N(L (X)) .

Let us describe the set of interpretation algorithms SNFR
in which reduction to the normal form alternates with sub-
stitution operation. Each algorithm S ∈ SNFR has the

following form:
Input: program P of form (1) and term X, where fv (X) ⊂
{f1, . . . , fm},
Output : term S (P, X) if S is determined on P and X.
1. N (X) is not determined, then an infinite process corre-
sponding to the endless functioning of N on X takes place;
else go to item 2.

2. N (X) ≡ t[f1 . . . fm] ∈ NF\NF0, then S
(
P, t

′
)
, where t

′

is obtained from t by the simultaneous substitution of the
terms t1 [f1 . . . fm] , . . . , tm[f1 . . . fm] for some free occur-
rences of the variables f1, . . . , fm respectively.
Let us describe the examples of SNFR which are used in
this paper.
Algorithm LSNFR (left substitution and reduction
to the normal form) .
Input : program P of form (1) and term X, where fv (X) ⊂
{f1, . . . , fm},
Output : term LSNFR (P, X) if LSNFR is determined on
P and X.
1. If N(X) is not determined, then an infinite process cor-
responding to the endless functioning of N on X takes place;
else go to item 2.
2. If N(X) ≡ t {fi1 , . . . , fis} ∈ NF\NF 0, where
fij ∈ {f1, . . . , fm} , j = 1, . . . , s, s ≥ 1, then
LSNFR(P, t{ti1 [f1, . . . , fm], f i2

, . . . , fis}), else N (X).

Algorithm RSNFR (right substitution and reduction
to the normal form) .
Input : program P of form (1) and term X, where fv (X) ⊂
{f1, . . . , fm},
Output : term RSNFR (P, X) if RSNFR is determined
on P and X.
1. If N(X) is not determined, then an infinite process cor-
responding to the endless functioning of N on X takes place;
else go to item 2.
2. If N(X) ≡ t {fi1 , . . . , fis} ∈ NF\NF 0, where
fij ∈ {f1, . . . , fm} , j = 1, . . . , s, s ≥ 1, then
RSNFR(P, t{fi1 , f i2

, . . . , tis [f1, . . . , fm]}) , else N (X).

Algorithm FSNFR (full substitution and reduction
to the normal form) .
Input : program P of form (1) and term X, where fv (X) ⊂
{f1, . . . , fm},
Output : term FSNFR (P, X) if FSNFR is determined
on P and X.
1. If N(X) is not determined, then an infinite process cor-
responding to the endless functioning of N on X takes place;
else go to item 2.
2. If N(X) ≡ t {fi1 , . . . , fis} ∈ NF\NF 0, where
fij ∈ {f1, . . . , fm} , j = 1, . . . , s, s ≥ 1, then
FSNFR (P, t[ti1 [f1, . . . , fm] , ti2 [f1, . . . , fm] , . . . ,
tim [f1, . . . , fm]]) , else N (X).

Algorithm ACT
Input : program P of form (1) and term X, where fv (X) ⊂
{f1, . . . , fm},
Output : term ACT (P, X) if ACT is determined on P and
X.
1. If X ∈ NF and fv (X)∩{f1, . . . , fm} = ∅, then X; else
go to item 2,
2. If X ≡ X{fi1 , . . . , fis}, where fij ∈ {f1, . . . , fm} , j =
1, . . . , s, s ≥ 1 and the occurence fi1 is on the left of the
leftmost redex of the term X, then
ACT

(
P, X{ti1 [f1, . . . , fm] , f i2

, . . . , fis}
)
; else go to

item 3,
3. X ≡ X(λx.t)τ , where x ∈ V, t, τ ∈ Λ and (λx.t)τ is the
leftmost redex of term X, then if x ∈ fv(t), then

ACT
(
P, Xt[x:=ACT (P,τ)]

)
, else ACT (P, Xt).



Remark 3.1 We have changed the item 3 of the algorithm
ACT defined in [1] to avoid working endless on recursive
terms.

In [1] the author shows that the procedural semantics that
use the interpretation algorithms LSNFR, RSNFR,
FSNFR, ACT are pairwise incomparable for programs with
more than one equation. In this paper we prove the follow-
ing theorem:

Theorem 3.2 Interpretation algorithms LSNFR, RSNFR,
FSNFR, ACT are pairwise incomparable for programs with
one equation.

REFERENCES
[1] S. Nigiyan, S. Avetisyan, ”On Procedural Semantics of

Untyped Functional Programs”, Computer Science and
Information Technologies, 60-62, 2007.

[2] H.P. Barendregt, ”The lambda calculus, its syntax and
semantics”, Amsterdam: North-Holand Pub. Comp.,
1981.


