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ABSTRACT 
The purpose of this paper is to propose constructions of   
irreducible polynomials over finite fields using composition 
method. We prove a theorem that extends the class of 
composition methods of constructing irreducible polynomials 
over finite fields. Two methods to construct explicitly 
irreducible polynomials over the Galois field of degrees qF

( )1−nqn  and , where  is a natural number, are 
developed.  
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1. INTRODUCTION 
Let  be the Galois field of order qF spq = , where  

is a prime and

p

s  is a natural number,  be its 
multiplicative group, and let  be a monic 

irreducible polynomial of degree  over  and 

*Fq

)(xf

n qF β  be 

a root of . The field is an -

dimensional extension of  and can be viewed as a 

vector space of dimension  over . The Galois 

group of  over is cyclic and is generated by 

Frobenius mapping , . 

)(xf ( ) nqq FF =β n

qF

n qF

nqF qF

( ) qαασ = nqF∈α

We say that the degree of an element  over 

is equal to , or equivalently, 

kqF∈α

qF k α is a proper element 

in if  and  for any proper divisor 

 of , and write 

kqF kqF∈α vqF∉α

v k ( ) kq =αdeg . 
Similarly, we say that the degree of a subset 

 over  is equal to  if 

for any proper divisor  of k  there exists at least one 
element  such that , and 

write

{ } krA qF,,, ⊂= ααα K21 qF k

v
Au ∈α uqu F∉α

{ } k=rq ααα ,,,deg K21

                                                

1.   

 
1 We recall that a proper divisor of a natural number n  is a 
divisor of other than  itself. n n

 
Constructing explicitly irreducible polynomials of high 
degrees is a challenging problem in the constructive 
theory of finite fields. In this paper we obtain two 
methods to construct explicitly irreducible polynomials 
over the Galois field  of degrees qF ( )1−nqn  

and , where  is a natural number. These 
constructions are based upon operator substitutions in 

 derived by Varshamov in [4], Dickson [1,2] and 
Sidelnikov [3]. Throughout this paper we will consider 
only monic polynomials, i.e. polynomials whose 
leading coefficient is equal to 1.   
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2. PRELIMINARIES 

For 10 −≤≤ ka  and any polynomial  

of degree  in the ring  let 

. 

u
m

u
u xbxg ∑

=

=
0

)(

m ][F xkq

( ) u
m

u

aq
u

a
xbxg ∑

=

=
0

)(

Further we shall need several auxiliary results.  
Lemma 1 Let dkn = and be a monic irreducible 

polynomial of degree  over and let  be a 

monic irreducible divisor of degree of  

in . Then the polynomials of degree , 

where

)(xf

n qF )(xg

k )(xf
][F xdq

( ) )(xg v k

10 −≤≤ dv , are irreducible over  and  

 has a factorization of the form   

dqF

)(xf

( ) ( )∏
−

=

=
1

0

d

v

v xgxf )( , where ( ) )()( xgxg =0   

in . ][F xdq

Lemma 2 Let be a monic irreducible polynomial   

of degree  over . Then  distinct irreducible 

polynomials of degree over  

 occur in the canonical factorization of 

)(xf

kn qF k

( ) ∑
=

=
n

u

uq
u

v xgxg
v

0
)( n

kqF



( )∏
−

=

=
1

0

k

v

v xgxf )()(  in  and the degree of the 

set of coefficients 

][F xdq

⎭⎬
⎫

⎩⎨
⎧ vq

ng
vqg

vqgq ,,,deg K10 over of each of 

these polynomials is equal to k , i.e. 

qF

{ } kggg
vvv q

n
qq

q =,,,deg K10 . 
Lemma 3 Let  be a monic irreducible polynomial 

of degree  over  the degree of the set of whose 

coefficients over  is equal to . Then 

 of degree  is irreducible over 

 with . 

)(xg

n dqF

qF d

( )∏
−

=

=
1

0

d

v

v xgxf )()( dn

qF )()()( xgxg =0

Lemma 4 Let and be two natural numbers 
satisfying the condition , be an 

irreducible polynomial of degree n over and let 

n k
1=),gcd( kn )(xf

qF α  

be a nonzero and β an arbitrary element in . Then 

the polynomial 

kqF

)()( βα += xfxg  is irreducible over 

. kqF

Lemma 5 Let   and  k  be natural 
numbers satisfying the condition

1>n XF 21,=
1=)k,gcd(n ,  

be an irreducible polynomial of degree over , and 

let   

)(xf

n qF
α  be a nonzero and β an arbitrary element of 

 satisfying the conditions: , 

, and 

kqF 1εα kq =)(deg
2εβ kq =)(deg 31 εβα kq =− )(deg
0321 >++ εεε , where 0=iε or 1 ( )321 ,,=i . 

Then the degree of the set of coefficients 
 of the polynomial { nggg ,,, K10 }

)()( βα += xfxg  is equal to over , i.e. 

. 

k qF
{ } kggg nq =,,,deg K10

We apply Lemmas 1, 2 and 3 to derive the following 
result. 
Theorem 1 Let , and  be natural 
numbers, , be an irreducible 

polynomial of degree  over  , and  let 

qsp = 1>n k
1=),gcd( kn )(xf
n qF α be a 

nonzero and β  an element of under the conditions 

of Lemma 5, . Then 

the polynomial of degree  

kqF

∑
=

==+
n

u

u
uxgxgxf

0

)()( βα

u
n

u

q
u

a xgxg
a

∑
=

=
0

)()( nk

( )∏
−

=

=
1

0

k

a

a xgxf )()( ,    

where is irreducible over .  u
n

u

q
u

a xgxg
a

∑
=

=
0

)()(
qF

Corollary 1 Let r be a prime which does not divide q  
and 1−r  be the order to which q modulo r  belongs 

(i.e. , )(mod rq r 11 ≡− 10 −<< rj , 

); also let be any irreducible  

polynomial of degree  over belonging to 

order

)(mod rq j 1≡/ )(xf
1>n qF

2 ,  and t ( )(mod()( xfxRxr ≡ )

∑
=

=
n

u

u
u xx

0

ψψ )( , where )(xψ  is the nonzero 

polynomial of minimal degree satisfying the congruence  

))(mod())(( xfxR u
n

u
u 0

0

≡∑
=

ψ  

and 11 =− ),gcd( rn . Then the polynomial  

)()()( rxxfxF ψ1−=  

of degree nr )( 1− is irreducible over  and  belongs 
to order . 

qF
rt

 
3. IREDICIBILITY OF POLYNOMIAL 
COMPOSITIONS 
Further we provide a method that enables explicit 
constructions of irreducible polynomials of degree 
( )1−nqn   from given primitive polynomials of degree 
by using a simple transformation. The method is 

based upon the following result. 
n

Theorem 2 ([1], Dickson’s theorem) Let θ  be a 
primitive element of , qF β  be any  element of , 

and , where  divides . Then 
the polynomial 

qF

2>mp m s )( spq =

βθ +−= xxxf
mp)(  

is the product of a linear polynomial and an irreducible 
polynomial of degree  over . 1−mp qF

Theorem 3 Let ,  be a primitive 

polynomial of degree  over , and  let

2>nq 1−≠ xxf )(
n qF β , γ  be 

some elements of  such that qF γβ m≡ , 

))(()( 1++= xfxh γβ , )()(*
x

nhxxh 1= . Then 
the polynomial  

1

1

−

−

−

×+−−=

))((
))()(()()(

* γ

βγγ

xh
xxfxxF

nqn

 

of degree  is irreducible over .    )( 1−nqn qF

                                                 
2 We recall that the order of the polynomial  is 
sometimes also called the period of  or the exponent of 
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PROOF Let α  be a root of . Then from the 

irreducibility of  over  it follows that  
can be written as   

0=)(xf
)(xf qF )(xf

( )∏
−

=

−=
1

0

n

u

qu

xxf α)(   (1) 

over . nqF

Substituting ( ) ( )βγ +− − nqxx 1
 for x in (1), and 

multiplying both sides of the equation by ( )nx γ− , we 
get 

( ) ( ) ( )( )
( .∏

−

=

−

++−=

+−−
1

0

1

n

u

qqq

qn

uun

n

xx

xxfx

γαβα

βγγ

)         (2) 

Since and  is a primitive element in , 

then according to Dickson's theorem, each of the 

polynomials is the product of 
a linear polynomial and an irreducible polynomial of 
degree  over . Note that it is easy to find the 

root  of the polynomial 

in . Indeed, if

2>nq
uqα nqF

uun qqq xx γαβα ++−

1−nq nqF
uqθ

uun qqq xx γαβα ++− nqF nqF∈θ , 

we have 
uun qq θθ =

+ ( )110 −= nu ,,, K , and so 

( ) uuu qqq γαβαθ +=−1 if and only if 

Then  ( )( .
1

1
−

−+=
uuu qqq αγαβθ )

xxxx
unuun qqqqq αγαβα −=++−  

( ) ( )uuunnuu qqqqqq xx θαθαθ −−−=−+
+

1  

( )(
( ) ) ( ) ( )( ),xQxx

xxxx
uqqqq

qqqqqq

uuun

nununu

θαθ

θθθ

−=−++

+++−=
−

−−−

12

3221 L
 

Where . The expression 110 −= nu ,,, K

( ) ( ) ( )( )
( ) ( )∏

−

=

−

−=

+−−
1

0

1

n

u

uq

qn

xQx

xxfx
u

n

)(θ

βγγ
 

follows directly from (2). 
It can be clearly seen that each of the 
polynomials has at least one coefficient, say 

 or which is a proper element of , and 

therefore the polynomial  is 

irreducible over by Lemma 3. 

( )( )xQ u

uqθ
uqα−1 nqF

( )( )∏
−

=

=
1

0

n

u

u xQxF )(

qF
Thus, because θ is a proper element of , we obtain nqF

( ) ( ) ( )( ) ( ) ( )xFxHxxfx
nqn =+−− − βγγ 1

, 

where ( ) ( )∏
−

=

−=
1

0

n

u

qu

xxH θ . We now show that 

( ) ( ) ( )∏
−

=

−==−
1

0

n

u

q xhxHx
u

γθ * . 

Indeed, since ( ) uuu qqq γαβαθ +=−1 or, 

equivalently, ( ) ( )11 −++=−
uuu qqq αγγβαθ   we 

have that .  And because ( )( ) γαγβθ +−+=
−1

1
uu qq

( ) ( )11 −+ − uqαγβ  is a root of  

( ) ( )( )1++= xfxh γβ ,  then ( )( ) 1
1

−
−+

uqαγβ  

is a root of ( )xh* . Thus is a root of 
uqθ ( )γ−xh* . □ 

Later on we shall describe another method that allows 
explicit constructions of irreducible polynomials of 
degrees ( )1+nqn  over Galois fields based on 
Sidelnokov's results.  
Theorem 4 (Sidelnokov [3]) The   polynomial 

( ) ( 110
1 +−+−−= + xxxxxxf qq ωω )  

where , qxx 01 = qqx F|F 20 ∈ , , 11
0 =+qx qF∈ω  is 

an irreducible polynomial if and only if 
0

1

x
x

−
−

ω
ω

 is a 

generating element of the groupΠ , where Π  is the set 
of roots of the equation , and the polynomial 

 has linearly independent roots.   
11 =+qy

)(xf
We apply the theorem above to derive the following 
result. 
Theorem 5 Let be an irreducible polynomial of 

degree  over  belonging to the exponent 

)(xf
n2 qF

( )1+nqe , ( ) ( )( )xfxRxx eeqn

mod≡++ 1  and 

( ) ∑
=

=
n

u

u
u xx

0

ψψ , where ( )xψ is the nonzero 

polynomial of the least degree satisfying the 
congruence   

           .             ( )( ) ((∑
=

≡
n

u

u
u xfxR

0

0 modψ ))

Then the polynomials ( )xψ  and 

( ) ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ++
=

+

x
xxxxF

nn qq
n 11

ψ of degrees n  and 

( )1+nqn , respectively, are irreducible over . qF
PROOF Let α  be a root of the equation =0. 
Since is an irreducible polynomial of degree  

over belonging to the exponent 

)(xf
)(xf n2

qF ( )1+nqe  by 

hypothesis, we have that ,  where 

. We know that if 

( ) 111 == ++ nn qqe βα
eαβ = θ  is an element of the 



extension field of  and the degree of the minimal 

polynomial of 
qF

θ  is equal to , then the order of k θ  
divides , but does not divide a smaller number 

.  In our case since the order of 

1−kq
1−iq 1+nq β  

divides , but does not divide a smaller number 

, then  the degree  of the minimal function of 

12 −nq
1−iq β  

over  is , i.e. qF n2 ( ) nq 2=βdeg . 

Because nq 2F∈β , it is clearly seen 

that , and so 

. Show now that  is a 

proper element of . Suppose, on the contrary, that 

the maximal degree of  over  is equal 

to , i.e. 

( ) 11 ++=++ ββββ
n

n
n qqq

n

n

q
q F∈++ 1ββ 1++ ββ

nq

nqF

1++ ββ
nq

nqF

d ( ) d
nq

q =++ 1ββdeg , where d is a 

proper devisor of n . Then if   

we have  or 

 in  since .  

d

n

q
q F∈γ=++ ββ 1

12 +−+ βγβ

γββββ =+++ 21nq

( ) 01= nq 2F 11 =+nqβ

Now let be the minimal polynomial of ( )xG
β over . By Lemma 1 the polynomial 

, where 

qF

( ) ( ) ( )∏
−

=

=
1

0

d

v

v xgxG ( )( )xg v  are polynomials 

of degree 
d
n2

 over . Since dqF β is a root of ( )xG , 

then β  is also a root of one of the polynomials 
( )( )xg v , say, without loss of generality,  a  root of 

. Then  is the minimal 

polynomial of 

( )( ) ( )xgxg =0 ( )xg
β  over . And since dqF β is also a root 

of the polynomial ( ) 112 +−+ xx γ  over , which 

implies that  divides ,  we 
arrive at  a  contradiction as the degree of the minimal 

polynomial  of 

dqF

( )xg ( ) 112 +−+ xx γ

( )xg β over is equal to dqF 22
>

d
n

. 

Thus is a proper element in , which 

establishes the irreducibility of the polynomial   

1++ ββ
nq

nqF

(∏
−

=
⎟
⎠
⎞

⎜
⎝
⎛ ++−=

1

0

1
n

u

qq
u

n

xx ββ )ψ )(   (3) 

over . Since  is an irreducible polynomial of 

degree  over by hypothesis, then it is easily seen 
that the congruence 

 is equivalent to 

the relation   in  or 

qF )(xf
n2 qF

( ) ( )( xfxRxx eeqn

mod≡++ 1 )

( )ααα Reeqn

=++ 1 nq 2F

( )αββ R
nq =++ 1 , where .  Hence eαβ =
( )xψ is again the minimal polynomial of ( )αR  over 

, or equivalently qF ( )xψ  is the nonzero polynomial 
of the least degree satisfying congruence (3). 
Next we show that the conditions of Theorem 4 are 
satisfied under hypothesis of Theorem 5. Indeed, since   

nn qq F|F 2∈β  then for β=0x and  we 

have , 

nqx β=1

nqxx 01 = nn qqx F|F 20 ∈ , , and for 11
0 =+nqx

1−=ω  the element 
n

n

q
q

x
x β

β
β

ω
ω

=
−−
−−

=
−
−

1
1

0

1  is a 

generating element of Π , where  is the set of roots  of 

the equation . Thus the conditions of 
Sidelnikov theorem are satisfied. ence by Theorem 7 

the polynomial 

Π
11 =+nqy

H

( ) 111 +++−++ xxx
nnn qqq ββ is 

irreducible over since the coefficients of the 

polynomial belong to . 

nqF

nqF

Next substituting 
x
xx

nn qq 11 +++

  for x in (3), and 

multiplying both sides of the expression by , we 
obtain  

nx

( )( ).∏
−

=

+

+

+++−+=

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ ++

+
1

0

1

1

11

1

n

u

qqqq

qq
n

xxx

x
xxx

uunnn

nn

ββ

ψ
 

However, by Lemma 3, the polynomial 

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ +++

x
xxx

nn qq
n 11

ψ is irreducible over , since 

the polynomial 

qF

( ) 111 +++−++ xxx
nnn qqq ββ  is 

irreducible over  and nqF ( ) n
nq

q =++ 1ββdeg . □ 
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