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ABSTRACT
The multiclass classification approach known as ECOC
(error correcting output codes) is considered. The met-
hod solves the multiclass classification problem by com-
bining binary classification algorithms according to some
binary matrix. The framework is considered where the
columns of the mentioned matrix are selected from the
given set. It is proved that the algorithmic problem
of column selection optimizing the training error is NP
complete.
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1. INTRODUCTION
Classification problem is one of the major research ar-
eas in artificial intelligence, and particularly, in machine
learning. Generally, classification is a procedure, which
put objects into categories (classes). Usually objects be-
longing to the same class share common properties. So,
if the class of some object is known a lot of information
is available about it. Classification problem naturally
arises in practical applications such as: machine vision,
speech recognition, text or document classification, op-
tical character recognition, protein function prediction,
medical diagnosis, etc. This does not contain all possi-
ble applications of classification.

Assume that the objects to be classified are represented
by the corresponding feature vectors belonging to a set
S, which is the subset of n-dimensional vector space
Rn, where R is a set of reals and n is a natural number.
Assume we have a set of l ≥ 2 classes associated to the
set of labels Y = {1, . . . , l}, and let an unknown target
function f : S → Y exists. It is known that function
f defines a partition of set S into the l classes by the
following way: S = ∪li=1Ci , where Ci = {x ∈ S|f(x) =
i}. Let us have a set of instances C∗i ⊆ Ci, for each class
i, i = 1, . . . , l and |C∗i | = mi. It is required to find an
approximation for the function f from the given set of
hypothesis H ⊆ {h|h : S → Y }, or, in other words, for
a given x̃ ∈ S it is required to find the corresponding
class t (such that x̃ ∈ Ct).

The classification problem is well-studied for the case of
two classes (binary classification). For details we refer
to [1, 2]. But most of the applications require multi-
class classification algorithms (l > 2). There are plenty

of methods for multiclass classification and theory for
these methods [1, 3, 4].

We consider a multiclass to binary reduction framework
known as ECOC (Error-correcting Output Codes) [5, 6]
from the view of computational efficiency. Method de-
composes multiclass classification problem into several
binary classification problems. Each class is encoded as
a binary vector of length N (N is a nonnegative inte-
ger) composed by output labels of these classifiers. We
construct the matrix αl×N consisting of the mentioned
vectors in rows. For each jth (j = 1, . . . , N) column of
matrix αl×N we consider the binary classification prob-
lem with the set of instances C∗j0 and C∗j1 defined in the
following way:

C∗j0 =

l⋃
i=1
αij=0

C∗i , C∗j1 =

l⋃
i=1
αij=1

C∗i (1)

So, for each column a binary classification problem is
to separate an appropriate group of classes from all the
others. In each column for j = 1 to N a binary al-
gorithm gets as the learning set C∗j0 and C∗j1 and re-
turns some hypothesis hj : S → {0, 1}. Let us denote
βj = hj(x̃) for given x̃ ∈ S. So we get the binary vec-

tor β̃x̃ = (β1, . . . , βN ) corresponding to the given object
x̃. According to the considered approach the object x̃
will be classified to the class t, where t is defined in the
following way:

t = arg min
i=1,...,l

N∑
j=1

|αij − βj | (2)

The object x̃ is classified as the element of a class cor-
responding to the nearest row of matrix by means of
hamming distance. For the theoretical justification of
this approach we refer to [8, 9].

As it follows from (2), the classification accuracy of the
considered approach depends on the choice of matrix α
and the corresponding binary classification algorithms.
As a good review of existing approaches we refer to [10].
A modification of boosting algorithm for ECOC were
considered in [11]. For the voting algorithm the problem
of constructing of good matrix was studied in [12].

The main goal of this paper is investigation of algorith-
mic complexity of constructing the matrix α optimizing
the training error.

2. COLUMN SELECTION
The goal of this paper is to analyze the computational
complexity of problem of finding the matrix α minimiz-



ing the training error under assumptions that:

I. The columns of α will be selected from the given set
of vectors of lenght l {α̃1, . . . , α̃M}, where M is natural
number.

II. For each training set generated by binary vector α̃j

by (1) the binary classification algorithm Aj is fixed.

As it was already mentioned, the algorithm Aj gets as
a training set C∗j0 = ∪l i=1

αij=0
C∗i , and C∗j1 = ∪l i=1

αij=1
C∗i

and returns hypothesis hj : S → {0, 1}. We want
to construct α by selecting some vectors from the set
{α̃1, . . . , α̃M} as columns of α such that the number of
correctly classified examples will be maximal. After ap-
plying binary classification algorithms on each instance
x̃ij ,(by x̃ij is denoted the jth element of the set Ci) we
will transform the set of instances to the correspond-
ing set of binary vectors of length M. Denote by γ̃ij =
(h1(x̃ij), . . . , hM (x̃ij)), i = 1, . . . , l, j = 1, . . . ,mi. Let
us denote the rows of matrix with columns α̃1, . . . , α̃M

by c̃1, . . . , c̃l . For any binary vector z̃ = (z1, . . . , zM ) ∈
EM where E = {0, 1} denote by αz̃ the matrix which
columns are the vectors {α̃i/i ∈ supp(z̃)} where by
supp(z̃) is denoted the set {i/i ∈ {1 . . . ,M}, zi = 1}.
Denote by R(z̃) the number of correctly classified sam-
ples x̃ij using matrix αz̃. It is obvious that the instance
γ̃ij will be classified correctly if the following system of
inequalities takes place:{

‖z̃ ∧ (γ̃ij ⊕ c̃i)‖ < ‖z̃ ∧ (γ̃ij ⊕ c̃k)‖
k = 1, . . . l, k 6= i

(3)

where ⊕ denotes the sum of two vectors by modulo 2, ∧
is coordinate wise logical AND, and by ‖ũ‖ is denoted
the hamming weight of vector ũ = (u1, . . . , uM ) i.e.,
the number of its nonzero elements. Let us define the
following predicate for each 1 ≤ i ≤ l, 1 ≤ j ≤ mi:

Pij(z̃) =

{
1 if system (3) takes place
0 otherwise

It is obvious that R(z̃) =
∑l
i=1

∑mi
j=1 Pij(z̃), for any

z̃ ∈ EM .

The condition that different classes (after column selec-
tion procedure) must be associated to different binary
vectors may also be required. This may be written as:{

‖z̃ ∧ (c̃i ⊕ c̃j)‖ > 0

1 ≤ i < j ≤ l
(4)

Now consider the following optimization problem: find
ω̃ ∈ EM such that ω̃ 6= 0M (by 0M is denoted the all
zero vector of lenght M), system (4) takes place and

R(ω̃) = max
z̃∈EM

R(z̃).

Later we will consider the decision version of problem
i.e., for the given number a it is required to find is there
exists ω̃ 6= 0M such that system (4) takes place and
R(ω̃) ≥ a? Later we will refer to this problem as CS
(Column Selection) problem.

3. HARDNESS OF CS PROBLEM
The main result of this paper concerns to the algo-
rithmic complexity of CS problem stated in Paragraph
2. We assume that the reader is acquainted with Tur-
ing machines, P/NP classes and polynomial reducibility.

We use definitions brought in [13, 14]. Let us bring a
formulation of the following two NP complete problems.

Set Covering Problem [13, 15]: Let the finite set B =
{b1, . . . , bu}, family of subsets of B = {B1, . . . , Bv} and
nonnegative integer w be given. Are there w subsets
Bi1 , . . . , Biw ∈ B such that

⋃w
j=1Bij = B? It is known

that this set covering problem is an NP complete prob-
lem [15].

Minimum Test Collection Problem [13]: Let us have
a binary matrix µp×q and nonnegative integer k. Do
there exist at most k columns of µp×q such that the ma-
trix formed by that columns do not contain equal rows?
Mention that some other statements of minimum test
collection problem exist [16]. M. Garey and D. Jonson
[13] claimed that in their unpublished paper it is proved
that Minimum Test Collection Problem is NP complete.
We were not able to find the mentioned unpublished pa-
per and for completeness of summary we will bring the
proof of the mentioned fact.

Theorem 1. Minimum Test Collection Problem is NP
complete.

Proof: As it is known the proof of NP completeness
consists of two steps. The first step is to prove that
the problem belongs to class NP, and the second is the
polynomial reduction of a known NP complete problem
to problem under consideration [13, 14, 15]. It is easy
to see that the Minimum test collection problem be-
longs to the class NP. Now let the particular instance
of set covering problem (later related as SCI) be given,
i.e., we have the set B = {b1, . . . , bu}, family of sub-
sets of B = {B1, . . . , Bv} and nonnegative integer w. It
is required to check if there exists a family of subsets
Bi1 , . . . , Biw such that

⋃w
j=1Bij = B. Let us consider

the following particular instance of the minimum test
collection problem (MTCI) : the matrix µp×q for MTCI
with p = 2u, and q = v+ u− 1 is defined as it shown in
Figure 1.
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Figure 1: instance of MTC problem correspond-
ing to instance of SC problem.



The matrix δu×v is defined in the following way:

δij =

{
1, if bi ∈ Bj
0, otherwise,

for 1 ≤ i ≤ u, 1 ≤ j ≤ v. By 0u×v is denoted the matrix
of size u × v containing all 0s and by Iu−1 we denote
the identity matrix of size (u− 1)× (v − 1) containing
ones on main diagonal and zeros, otherwise. By 0̃u−1

we denote the all zero vector of length u − 1. We will
take k = w + u− 1 in MTCI.

The theorem will be proved if we show the following
fact: for the instance SCI there exists some w subsets
Bi1 , . . . , Biw such that

⋃w
j=1Bij = B if and only if for

the MTCI there exists at most w + u − 1 columns of
µ2u×(v+u−1) such that the matrix formed by those rows
does not contain the equal rows.

Assume that we are given Bi1 , . . . , Biw ∈ B such that⋃w
j=1Bij = B then by definition of matrix δu×v we

get that the matrix composed of columns by numbers
i1, . . . , iw of δu×v does not contain all zero vector. Now
consider the matrix ∆ composed of columns of µ by
numbers i1, . . . , iw, v+ 1, . . . , v+u− 1. From definition
we get that the rows of ∆ from 1st to uth differ one
from the other and the rows from u+ 1 to 2u also differ
one from another. The tth (1 ≤ t ≤ u) row of ∆ may
only coincide with the (t + u)th row but as δu×v does
not contain all zero vector, the mentioned case has also
been excluded. So, we get that all rows of ∆ differ one
from the other.

Now let the matrix µ contain s, (s ≤ w+u−1) columns
such that the matrix composed of those columns does
not contain equal rows. It is easy to see that columns
by numbers v+1, . . . , v+u−1 must necessarily be con-
tained in that set of s columns. Let those columns be
i1, . . . , ir, v, . . . , v+ u− 1. As the obtained matrix does
not contain equal rows then from the definition of µ fol-
lows that the matrix composed of columns by numbers
i1, . . . , ir of δ does not contain the all zero vector (be-
cause, otherwise, if the tth row of mentioned matrix is
the all zero vector then the tth row of the matrix com-
posed by columns by numbers i1, . . . , ir, v, . . . , v+u−1
of µ will be equal to the (u+ t)th row which is a contra-
diction). This means that

⋃r
j=1Bij = B where r ≤ w.

Then there exist w subsets belonging to B covering the
set B. The theorem is proved.

Now we can formulate the main result of this paper:

Theorem 2. The CS problem is NP complete.

Proof. Again, the theorem will be proved if we show
that the problem belongs to the class NP and every
particular instance of some known NP complete prob-
lem may be reduced in polynomial time to the certain
instance of the problem CS [13, 15]. The fact that the
problem MB belongs to the class NP is obvious. Let us
consider the particular instance of Minimum Test Col-
lection, which is an NP complete problem by the Theo-
rem 1. Let we have a binary matrix µp×q and nonnega-
tive integer k. One wants to know if there are at most
k columns such that each pair of rows of matrix formed
by those columns of µ differs at least in one coordinate.
We will prove the theorem by reducing the mentioned
problem to some instance of the problem CS. Later we

will refer to the mentioned instance as CSI. CSI is de-
fined in the following way (see Figure 2):

M = 3q + k + 1, l = 2q + p + k + 3, c̃i = (µ̃i|1̃k+1+2q),

µ̃i = (µi1, . . . , µiq) i = 1, . . . , p. Then, c̃p+i = (µ̃1|λ̃i),
where i ∈ {1, . . . , 2q + k + 1} and λ̃i ∈ E2q+k+1 is a
vector of all ones besides the ith coordinate; c̃l−1 =
(1̃q+k+1|0̃2q), c̃l = 0̃3q+k+1. Let m1 = · · · = ml = 1,
then we will use the notation γ̃i instead of γ̃i1 and γ̃i =
c̃i, i = 1, . . . , l − 1, γl = (1̃q|0̃k+1+2q).
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Figure 2: instance of CS problem corresponding
to instance of MSC problem.

In Figure 2 by Jt was denoted the matrix of size t × t
containing zeros on the main diagonal and ones oth-
erwhise. It is required to decide if there exists ω =
(ω1, . . . , ω3q+k+1) ∈ E3q+k+1 such that
R(ω1, . . . , ω3q+k+1) ≥ l. If R(ω1, . . . , ω3q+k+1) ≥ l then
system (4) takes place for CSI.

It is easy to see that the theorem will be proved if we
show the following two conditions are equivalent:

a. For the MTCI there exists at most k columns such
that the matrix composed of those columns does not
contain equal rows.

b. For CSI there exists ω̃ = (ω1, . . . , ω3q+k+1)
∈ E3q+k+1, ω̃ 6= 03q+k+1 such thatR(ω1, . . . , ω3q+k+1) ≥
l.

Condition (a) means that there exists some
ω̃ = (ω1, . . . , ω3q+k+1) ∈ E3q+k+1 such that the follow-
ing system takes place

z1 + · · ·+ zq ≤ k

‖(z1, . . . zq) ∧ (µ̃i ⊕ µ̃j)‖ > 0

1 ≤ i < j ≤ p
(5)

when substituting z1 = ω1, . . . , z3q+k+1 = ω3q+k+1.

Now assume condition a takes place i.e., there exists
t (t ≤ k) columns such that the matrix composed of
those columns does not contain equal rows. Let the
numbers of that columns be s1, . . . , st. Consider the



vector (ω1, ..., ω3q+k+1) defined as

ωj =

{
1, if j ∈ {s1, . . . , st}
0, otherwise,

for j = 1, . . . , q and wq+1 = · · · = w3q+k+1 = 1.

Now for each i = 1, . . . , l consider the system{
‖z̃ ∧ (γ̃i ⊕ c̃i)‖ < ‖z̃ ∧ (γ̃i ⊕ c̃j)‖
j = 1, . . . l, j 6= i

(6)

Inequality R(ω̃) ≥ l is equivalent that system (6) for ω̃
should take place for all i = 1, . . . , l. As γ̃i = c̃i for
i = 1, . . . , l − 1 we can write system (6) as:{

0 < ‖z̃ ∧ (c̃i ⊕ c̃j)‖
j = 1, . . . l, j 6= i

(7)

For i = l as c̃l = 0̃M and γ̃l = (1̃q|0̃k+1+3q) system (6)
may be written as:

z1 + · · ·+ zq < ‖z̃ ∧ (1̃q|0̃k+1+2q ⊕ c̃j)‖
j = 1, . . . , l − 2

z1 + · · ·+ zq < ‖z̃ ∧ (γ̃l ⊕ c̃l−1)‖
(8)

It is easy to check that vector ω̃ satisfies system (7) for
i = 1 . . . , l− 1 and system (8). So, from condition a the
condition b follows.

Now let the condition b takes place i.e., there exists
ω̃ ∈ E3q+k+1 shuch that R(ω̃) ≥ l. This means that ω̃
satisfies the system (6) for all i = 1, . . . , l. Now let us
consider the system (6) for case i = 1:{

0 < ‖z̃ ∧ (c̃1 ⊕ c̃j‖
j = 1, . . . , l, j 6= i

when j = p+ t for t = 1, . . . 2q+k+1 from Figure 2 we
have that ‖c̃1⊕c̃j‖ = 1 and vectors c̃1 and c̃j differs only
at jth coordinate so the considered inequality is 0 < ωj
for j = q+ 1, . . . , 3q+ k+ 1. Now let us write for ω̃ the
(l − 1)th inequality of the system (6) for i = l:

‖ω̃ ∧ (γ̃l ⊕ c̃l)‖ < ‖ω̃ ∧ (γ̃l ⊕ c̃l−1)‖ (9)

By Figure 2 γ̃l ⊕ c̃l = (1̃q|0̃2q+k+1) and γ̃l ⊕ c̃l−1 =
(0̃q|1̃k+1|0̃2q), so, (9) may be written as:

ω1 + · · ·+ ωq < ωq+1 + · · ·+ ωq+k+1 (10)

And as we already mentioned if (6) takes place for i = 1
then ωq+1 = · · · = ω3q+k+1 = 1. So, from (10) it follows
that ω1 + · · ·+ ωq ≤ k. Now let us write the first q − 1
inequalities of system (6) for i = 1, . . . , p:{

‖z̃ ∧ (γ̃i ⊕ c̃i)‖ < ‖z̃ ∧ (γ̃i ⊕ c̃j)‖
j = 1, . . . , p, j 6= i

(11)

As γi = c̃i, c̃i = (µ̃i|1̃k+1+2q) from (11) it follows that:{
‖(ω1, . . . , ωq) ∧ (µ̃i ⊕ µ̃j)‖ > 0

1 ≤ i < j ≤ p

so we get that the following takes place for ω̃:
ω1 + · · ·+ ωq ≤ k

‖(ω1, . . . , ωq) ∧ (µ̃i ⊕ µ̃j)‖ > 0

1 ≤ i < j ≤ p,

which means that from condition b the condition a fol-
lows. The theorem is proved.
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