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Abstract—A cap set in a projective or affine geometry over a
finite field is a set of points no three of which are collinear. We
construct complete cap sets with sizes 274432, 13991936, and
30294016 in affine geometries AG(16,3), AG(21,3),
and AG(22, 3), respectively.
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The cap set problem asks how large a subset of affine
geometry AG(n, 3) can be and contain no lines - that is, no
three points a, B,y such that ¢ + B +y = 0 (inod 3). The
problem was motivated by the design of statistical
experiments  (combinatorial  design) [1], arithmetic
progressions in the set of prime numbers [2], card game set
[3], coding theory [4], etc. Note that the problem of
determining the minimum size of a complete cap set in a given
projective space is of particular interest in coding theory. If
we write the points of the cap set as columns of a matrix, we
obtain a matrix in which every three columns are linearly
independent, hence the generator matrix of a linear orthogonal
array of strength three. This matrix is a check matrix of a
linear code with a minimum distance greater than three. More
generally, the main problem in the theory of cap sets is to find
the minimal and maximal sizes of complete cap sets in
projective geometry PG(n, q) or in affine geometry AG(n, q).
Many authors have noted that determining the exact value of
the minimum and maximum cardinality of cap sets in the
projective geometry PG(n,q) or in the affine geometry
AG(n, q) seems to be a very hard problem. There are some
well-known constructions (product [5] and doubling [6]),
which allow us to create large high-dimensional cap sets based
on large low-dimensional cap sets. In this paper, we consider
the problem of constructing complete cap sets in affine
geometry AG (n, 3) over the finite field F; = {0, 1, 2}. A cap
set is called complete when it cannot be extended to a larger
one. Let us denote the size of the largest cap set in AG(n, q)
and PG(n,q) by c,q and by cp 4, respectively. Presently,
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only the following exact values are known: c¢,, = ¢y, =
2% cq=cCq=q+1lifqisodd, c;qg =c;4=q+2ifqis
even, and ¢z, = g%, c3, = q* + 1 [1,7]. Apart from these
general results, the exact values are known in the following
cases: c43 = cy3 =20 [8], cs3 =56 [9], c55 =45 [10],
Caq = 40, cp 4 = 41 [11], cg3 = 112 [12]. In the other cases,
only lower and upper bounds on the sizes of cap sets in
AG(n,q) and PG(n, q) are known [13]. In particular, it has
been proven that c;; > 236 [14], and using a computer
search cg3 = 512 [15]. Also, using a computer search, the
following upper bounds on the maximum size of cap sets in
dimensions seven to ten were proven in [16]: c;3 < 291,
cg3 < 771, cg3 < 2070, and c193 < 5619, respectively.

In this paper, we construct complete cap sets with sizes
274432, 13991936, and 30294016 in affine geometries
AG(16,3),AG(21,3), and AG(22,3), respectively. The
constructed cap sets are more powerful than those that can be

obtained from the previously known ones using the product
and doubling operations.

Il.  NOTATIONS, DEFINITIONS, AND KNOWN REZULTS

Note that three points a, B, y in affine geometry AG (n, 3)
are collinear if they are affinely dependent or, equivalently,
a+ B +y =0 (mod3). Therefore, if C, is a cap set in
AG(n,3), then e + B+ y # 0 (mod 3) for every triple of
distinct points a, B,y € C,,. For the point x € AG(n, 3), let’s
denote

x(0) ={ilx; =0,i € [1,n]},
x() ={ilx; =1,i € [1,n]},
x(2) ={ilx; =2,i € [1,n]},
X(x)= {ala € AG(n,3),a(0) = x(0)}.
Further, let

By ={a=(a,,ay) |la; = 1,2},

By, = {a € B,| |a(1)| is odd},

B! = {a € B,| |a(1)| is even}.

In 2015, K. Karapetyan [17] introduced the concept of B, -
set, which we use in our research. Notice that the set of points



A € AG(n, 3) is called a B,-set if it satisfies the following two
conditions:

(i) for any two distinct points a, B € A, there exists i such
thata; = B; = 0, where 1 < i < n,

(ii) for any triple of distinct points ¢, B,y € A, a + B + v #
0(mod 3).

Throughout this article, the notation P, (B,,) will mean
P,-set in AG(n, 3) (P,,-set in AG(n;,3)). We call B, to be
complete when it cannot be extended to a larger one. The set
P, is called odd if |a(0)| is odd for every point a € B, and
even if |a(0)| is even for every point & € B,. The set B, is
called b-saturated if X(a) < B, for every point & € B,, where
b = 1,2. We will define the concatenation or direct product
of the sets in the following way. Let A € AG(n,3) and B c
AG(m,3). Form a new set AB ¢ AG(n + m, 3) consisting of
all points a = (ay,**, Ay, Apeqs** Anem) » Where a® =
(ay, -, a,) EAand a? = (ap41, , Apym) € B. Similarly,
one can define the concatenation of the points for any number
of sets. The next two theorems will introduce constructions to
obtain a cap sets in higher dimensions by using known cap
sets in lower dimensions. Theorem A states a simplified
version of the general product construction theorem first
stated by Mukhopadhyay in [6] and reformulated by Edel and
Bierbrauer [5]. Theorem B, the doubling construction, is a
special case of the general product construction. In this work,
we will need the following theorems to construct some large
complete cap sets.

Theorem A [5] (Product construction): Let A € AG(n, 3) and
B <€ AG(m, 3) becap sets. Then AB ¢ AG(n + m, 3) isacap
set.

Theorem B [6] (Doubling construction): Let A € PG(n, 3) be
a cap set. Then there is a cap set in AG(n + 1, 3) of size 2 |A|.

Theorem C [18]: The set A € AG(n, 3) is a b-saturated and
complete P,-set if and only if it satisfies the following two
conditions:

i) for any two distinct points «, B € A, there exists i such that
a;=B;=0,where1 <i<n,

iii) for any ftriple of distinct points a, B,y € A, a(0) =
B(0) = y(0) or for two of them, say for e and B, there exists
isuchthata; = B; =0andy; # 0,where1 <i < n.

Theorem D [17]: If the sets B, and P,, are complete and b-
saturated, then the set C,..,, = B,Bm U B, P, IS @ complete

cap set in AG(n + m, 3), where n and m are any integers.

Corollary 1: For any natural number n, ¢, 413 = 2|B,| + |B,|.

Theorem E [18]: If B, is a b-saturated, complete, and odd set,
then C,, = B, U B}, (C,, = B, U B;)) is a complete cap set.

Corollary 2: ¢z = 112 [12, 14], ¢11 3 = 5504.

For the given three sets B, , P,,, and P,,, form the
following set P, B, Bn, UP, By, Py, UBy B Py, 1t s
known that the formed set is a P,-set [17], where n = Y3 n;
and n,,n,,n; are any integers.

Theorem F («three» construction) [17, 19]: The following
recurrence relation Py =Py, Py, Bp, U Py By By, U
By, P, Py, Wwith the initial sets P, ={(0)}, P,=
{(0,1), (0,2)} gives complete and b-saturated B, —set, where

n=y_,n.

Theorem G [18]: Let B, , P,,, P, be b-saturated and complete
sets. If two of the sets P, , B,,, By,, Say P,,, P,,, are odd, then
C, = P, UBy By, B, is a complete cap set, where B, =
Py, By, By, U B, B,,P,, UB, P, Py.,n=Y3in; and ny,ny,ng
are any integers.

Corollary 3: ¢;53 = 120832, ¢193 = 2240.

Proof: Let’s consider the set P = Pg .3, Which is
obtained by replacing ny,n,,ns; in Theorem F («three»
construction) with 6, 6, 3, respectively. Therefore, P,s =
Pore+3 = PgP¢Bs U PoByP3; U BoPPs. It is easy to see that
the three sets Py PyBs, PsBgPs, BoPgPs, are pairwise disjoint.
Since |P;| = 6, |Pg| = 80, |B3| = 8, |Bg| = 32 and |Bg| = 64.
Then |P;5| =80%2x8+ 2%80* 646 =112640 and |
BLB.B;|=8+1024. Since (P4PsB; U PsB4P; U BsPsP;) N
B¢B¢B3; = @ and Py is an odd set, it follows from Theorem G
that c;55 > 112640 + 8192 = 120832. Similarly, to prove
the second inequality, let us consider the set P;q = Py 43 It
is easy to see that |P;, | = 1984. Because the sets P, and P,
are odd, then from the same Theorem G it follows that |C,,| =
|Pig U B1BgBs| = 2240. Therefore, ¢;43 = 2240 [18]. The
last inequality also follows from Corollary 1. Corollary is
proved.

Note that the obtained lower bound 120832 for c;5 3 is
equal to the size of the product cap sets with sizes 236 and 512
constructed in [14] and [15], respectively.

For the given six sets P, , Py, , By, Py, .Br.and B, form
the following ten sets:

Ay = By By, By, Bn,Bn Bng Ay = Py Py, By, By By By,
Az = PnanZPn3Bn4PnSBn6'A4 = Bn1Pn2Pn3Pn4BnSBn6:
As = BnanZPn3Pn4Bn5Pn Ag = BnanZPn3Bn4Pn5Pn
A7 = Bn By, By Py Pog By, Ag = Bn, Po, BnyBn, B P
Ag = Pnanan3Pn4Bn5Pn6’A10 = PnianBn3Pn4PnSBn6-

6’ 6’
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Theorem H («six» construction) [19]: The following
recurrence relation P, = U2, 4;, with the initial sets P, =
{(0)}, P, ={(0,1),(0,2)} gives complete and b -saturated
P, -sets, where n = ¥'¢_, n; and ny, ny,ng, Ny, Ns, g are any
integers.

Theorem | [18]: Let P, ,P,,, Py, Bu,, By and B, be b -
saturated and complete sets. If three of the sets
Boy Payy Prgy Poyy Pogy Bay s S3Y By, By, and B, are odd, then
Cn = B, U By, By, By By, B, By, isacomplete cap set, where
P, =U1%4;,n=Y%n; and n;,n,n;, nyns,ne are any
integers.

I1l.  MAIN RESULTS

Claim: If x, y, z € F;, then x+y+z = 0 (mod 3) if and only
if x =y = z or they are pairwise distinct numbers.

Theorem 1: ¢;45 = 274432 and c,q 3 = 13991936.

Proof: First, let’s consider the set Pig = Pgygi1414141+
which is obtained by replacing ny,n,, ns, ny,ns,ng in
Theorem H («six» construction) with 6, 6, 1, 1, 1, 1,
respectively. Then from the same Theorem H it follows that
this is a b-saturated and complete P, -set, where

Ay = PsPsP,B1B1By,A; = PgP¢B1 BB, Py,
A3 = PgBgPB P1By, Ay = BsPsP,1P1B1 By,
As = B¢B¢P, P, B, Py, Ag = BgBsPyB, P, Py,
A7 = B¢P¢B1P1P1B1, Ag = BsPsB1B1 P Py,
Ag = P¢B¢B,P1B1 P, A1g = PsBcB1 PPy B;.

Itis easy to see that all ten A4,, A,, ...,A;, Sets are pairwise
disjoint, i.e. A; N A; = @, where i,j € [1,10]. Since | P;| = 1,
| B;| = 2, then |P; | = 80 and |B¢| = 64. Therefore
| Pig | = 2% 80% % 842 % 80 x 64 x 4 + 4 x 80 = 64 x 4+2 x
642 = 2= 241664.

It is not difficult to check that every point of the set P, =
Porer1+1+141 Nas exactly three, or five, or seven zero
coordinates. Therefore, P,¢ is an odd set. Obviously, P;¢ N
Big = @ and |Bi¢| = 32768. Therefore, from Theorem E it
follows that P;c U Bi¢ is a complete cap set and, hence,
Ci63 = |P1g U Big| =274432.

The proof of the second part of the theorem is similar to
the first one. Consider the set P,; = Pgig+6+1+141, Which is
obtained, as above, by replacing nq,n,, ns, n,, ns,ns with 6,
6, 6, 1, 1, 1, respectively. Again, Theorem H implies that the
obtained set is a b-saturated and complete P,,-set, where

Ay = PgPgP¢B1B, By, Ay = PsPsBcB1B1 P,
A3 = P¢BsP¢B1P1By, Ay = BgPgPsP1B1 By,
As = BgBgPgP1B Py, Ag = BgBgPsB1 Py Py,
A7 = BgPgBgP1P1By, Ag = BsPs BB, Py Py,
Ag = PsBsBsP1 B, Py, A1g = PsBBsP1 P By,

and all ten A, A,, ...,A;, Sets are pairwise disjoint, i.e., 4; N
Aj=0,1i,j€[1,10]. As already mentioned above |Ps | =
80, | Pi| =1, |B4| = 2 and | B¢| = 64, therefore,

| Pyy| = 803  8+12 % 80% * 64 + 12 * 642 x 80= 12943360.
Each point of the set P,; = Pg 616414141 hasS exactly five,
seven, or nine zero coordinates. Therefore, P,; is an odd set.
Since P,; N By; = @ and |B3,| = 1048576, it follows from
Theorem E that c,, 3 = |P,; U B;4| =13991936. Theorem is
proved.

Note that the resulting cap sets are more powerful than
those that can be obtained from the previously known ones
using the product operation. Using the idea of the proof of
Theorem 3 [18], we can construct cap sets of sizes 569600 and
28698112 in AG(17,3) and AG(22,3), respectively. But
product operation and Corollary 2 imply that cy;3 =
5504112 = 616448 and c,, 5 = 55045504 = 30294016. It
is also clear that to construct more powerful cap sets, new
methods of constructing B,-sets, especially odd P, -sets, are
needed.

The following three theorems are analogues of Theorems
E, G, and I, respectively. Previous theorems, using odd B,-
sets, give cap sets in AG(n, 3), but these theorems, using even
PB,-sets, give cap sets in AG(n + 1,3).

Lemma: If |a(0)] is even, then a + B + y # 0(mod 3) for
any two points 8 € B;, and y € By,

Proof: Let’s prove this by contradiction. Suppose that
there are two points B € By, and y € B, such that ¢ + g +
Y = 0(mod 3). Denote |a(0)| =2m, | = |a(l)| and k =
[B(1) N a(0)|. Without loss of generality, let's assume that
the first 2m coordinates of the point ¢ = (a4, ..., a,) are
equal to zero, i.e.,, @y = -+ = ay, = 0. It is clear that the
equality a; + B; +y; = 0(mod 3)(i € [1,n]) implies that
y; = 2 for each i € (1) na(0) and y; = 1 for each i €
[1,2m]\(a(0) N B(1)). Next, from Claim it follows that
a; = Bj =v; for each j € [1, n] \ a(0). If k is odd, then
from the fact that § € By, it follows that [ must be even. But
then |[y(1)| = 2m — k + [, which is odd and contradicts the
supposition that y € B;/. Therefore, k must be even. Hence,
from the fact that B € B}, it follows that [ must be odd. But
then |y(1)| = 2m — k + [, which is again odd. The resulting
contradiction completes the proof. The lemma is proved.

Theorem 2: If B, is a b-saturated and even set, then C, =
P{(0)} U B {()}U B;/{(2)}isacap setin AG(n + 1, 3).

Proof: Let us carry out the proof by contradiction. Suppose
that C,, is not a cap set. Therefore, there are a triple of distinct
points a,B,y € C, such that a+ B +y = 0(mod?3) ,

where @ = (ay, ", an, @ny1), B= (B Pn Bns1), ¥ =
(Y1, Y Yns+1)- The following three cases are possible.
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Case 1. ap41 = Bn+1 = Vns1 =0. Then, obviously,
(g, an) s (BuBn) v (Yo, ¥a) €B, and from
condition (ii) it follows that (aq,-,a,) + (By, -, Bn) +
V1, ¥n) # 0(mod 3). Therefore, a+pB+y+
0(mod 3).

Case 2. api1 = Bns1 = Vne1 = x, Where x =1 or x = 2.
Suppose that x = 1. Now then (aq,--,a,), (B, Bn),
(Y1, ", ¥n) € B;,. Then Claim implies that a; = B; = y;,
where i € [1,n]. Therefore, « = B = y. For x = 2, the proof
is similar.

Case 3. @py1, Bns1 Yne1 are pairwise distinct numbers.
Without loss of generality, we can assume that a,,; =
0, Bns1=1, Y41 =2 Therefore, a € P,{(0)},B €
B, {(1D},y € B/{(2)}. Then it follows from the lemma that
((Zl, T an) + (ﬁl' '.Bn) + (]/1, 'yn) * O(mOd 3)
Therefore, a + B + y # 0(mmod 3). Theorem 1 is proved.

The proofs of the next two theorems are similar to those
given above. The proof for the first two cases is the same. To
prove the case 3, we represent every point a € B, as a =
ala’a® (a = ala’ala*a’a®), where al = (ay, -, ay, ),
a? = (an1+1""ran1+n2) , ad = (an1+n2+1: "':an) ( a =
(azji._zllnjﬂ,...,azgﬂnj), and i € [1,6]). Then Theorem F
(Theorem H) implies that a* € P, or a® € B, (a' € P,, or
a’ € P, or a® € B, ). Suppose that a' € B, , where i €
[1,2] (i € [1,3]). Since B, Py, (Py,, By, Pn,) are odd, then
Lemma implies that a + B* + y* # 0(mod 3), where g =

B'B*B® € B, BB,y = y'v*y® € B By, By, B =
B1B2B3B4B536 € BrlllBr,LZBrll3Bn4anBn6' Y=
Y v*v3v*v®yv® € B} B, B'1.By, By Bn,)- Therefore,

a{(0)} + B{(D} + v{(2)} # 0(mod 3) for every points a €
F{(0)}, B € By, Bn, B {(1D}¥ € By, By, By, {(2)} (a €
F{(0)}, B € By, B, By, By, Br By {(1)}, ¥ €

By By, By By Bng Bn g {(2)})-

Theorem 3: Let P, , B,,, P, be b-saturated sets. If two of the
sets Py, P, s Py, S3y By, P, are even then Cn,q =
Pu{(0)} U By, By, B, (1)} U B, BBy {(2)} i a cap set
in AG(n+1,3), where P, =P, BBy, UP, By, P, U
B, Py, P, n = ¥3n; and ny, ny, ng are any integer numbers.
Theorem 4. Let B, , Py,, Py,, Py,, P, and P, _be b-saturated
sets, If three of the sets P, Py, Pryy Prys Prgs Prgr SQY Prys P,
and B, are even, then Che1 = B {(O)} U
B, By BB, By Bu {(1D} U By, By, B By B B {(2)} is
a cap set in AG(n+ 1,3), where P, =ul®4,,
Y8n;, ny,ny, ng, ng,ns,ng are any integer numbers and the

n=

sets A, A,, ..., A;, are already defined above.
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