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I. INTRODUCTION

Definition 1. For any integers
1<k <k, <<k, <o,
the multivalued n-dimensional torus T ..., is defined as
the set of vertices:

Ty ey hen, =
={(xy, x5, x )| — ki +1<x; < ky,x; €Z,1<i<n},
where two  vertices x = (x;,x5,,x,) and y=
(Y1 Y2, Yn) IN T ...k, @re considered neighbours if they

differ in exactly one coordinate i, and either:

° |xi_yl‘|:1,0r

o x;=—k;+1andy; = k;, or vice versa.

The sum and difference of two such vectors x and y are
defined componentwise as:
xty=0tyLx 2y, ) =

=2z =(2,25",2n),

where —k; + 1 < z; < k; and z; = (x; + y;)(mod 2k;).

Let us define the norm of a vertex x = (x, x5, *+, x;,,) as
the number || x Il = X7, |x;].

The distance between two vertices x = (X1, X5, **, X,)
andy = (y4, V5, -, ) isdefined as p(x,y) =ll x — y Il.

The sphere of radius k centered at a point x € T ...k, 1S
defined as the set:

Sh k) ={y € TRy, i, | PC0Y) < K3

The shell (or spherical layer) of radius k centered at x is
defined as the set:

On(xﬁ k) = {y € Tl?lkzmkn | p(x' J’) = k}

Lete; = (ay, ay, -+, ) denote the unit vector in the i-th
direction, where a; = 1and a; =0 forj # i . Also, let1 =
(1,1,---,1) and 0 = (0,0,-+-,0) denote the all-ones and all-
zeros vectors, respectively.
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Definition 2. Foragiven subset A < T, ;... We say that
a vertex x € A is an interior point of A, if all of its
neighbouring vertices also belong to A. We denote by B(A)
the set of all interior points of A.

For any vertex x = (xq,%x,,xp) OF Ty, .k, We
define:

o x| = (xal, ezl 1xa,
o §(x) =(ay,ay,ay), where a; =1 if x, ;41 >
0 anda; =0ifx,_;4,1 <0.

For two n-dimensional vectors x = (xq,x5,**,x,) and
v =Y, Y,)  With nonnegative integer coordinates,
we say that x lexicographically precedes y (written x < y) if
there exists an index r,1 < r < n, such thatx; = y; for1 <
i<r andx, <y,

Now we define an order on the vertices of the torus
Ti, ey -k, S follows:
a vertex x precedes a vertex y (written x < y), if and
only if one of the following conditions holds:
1. Ixl<llyl or
2. Nl x =y Il and §(y) lexicographically precedes
6(x), or
3. lIxl=lyll 6§(x) =6(),and |y|
lexicographically precedes |x|.
It is easy to check that the order < defined on the vertices
of the torus T ...k, is a linear order.

Definition 3. The first a vertices of the torus Ty' ...,
taken according to the above defined linear order, are called
the standard arrangement of cardinality a, 0 <a <
T2 i

The torus T, ..k, With ky =k, = -+ =k, = 1 is called
the n - dimensional unit cube, and is denoted by E™.

For a Boolean vector a = (a4, a5, -+, a,), the set
a(T,flkz...kn) = {x € Ty kyky, | 6(X) = 0(}
is called the a - part of the torus Ty ..., .. It is clear that

Tk en, = U (T, ke ten)

aEE™ .
and all « -parts of the torus are isomorphic.
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Moreover, the a - parts of Ty ..., are arranged
according to the order <.
For two wvertices x = (xq, x5, Xn) and

y =0 Y2 ¥, belonging to a(TR,,..k,), We define
their sum as:

x+y =0 +yux+ Yo, X0 +Y0) = (20,25, 0, 20),
where (x; +y;) = zj(mod k;), 1 <z, <k; when a; =1,
and —k; +1 <z, <O0Owhena; =0,forall i,1<i<n.

Let us define the sphere (respectively, shell) in a =
(ay, @z, @,) —part centered at a point x € a (TP, ..x,)
with radius k, as follows:

S (x, k)—{ —x+Z( 1Itai . e, lZT‘<k}

(respectively, O (x, k) = S"(x k)\ S2(x, k — 1)), where ;
are non-negative integers forall i, 1 < i < n.
The subset of internal vertices of a set A € a (T} y,.x, )
in the a — part is defined as:
B,(A) ={x € A|S*(x,1) € A}.

The linear order « defined above between the vertices of
Tk, k,--k, Within each a-part coincides with the diagonal
sequence defined in [1], the initial segment of which we again
call the standard arrangement.

In the works [2-3], some properties of the standard
arrangements of the discrete torus T, y,..., are proved. In
particular, it is proved that the standard arrangement of any
cardinality has the maximum number of internal vertices. This
work presents a method for calculating the number of internal
vertices of the standard arrangement.

II. COUNTING THE NUMBER OF INTERIOR POINTS OF THE
STANDARD ARRANGEMENT

The special structure of standard arrangements allows us
to determine the values of |B(A4)| and |B,(D)|, where A is the
standard arrangement of the torus Ty’ .., , and D is the

standard arrangement of the a - part a (T} ..« )-

Let us denote |0™(x, k)| = EF(ky, ky, -+, k,,) and
108 (x, I)| = fif (ke kg, K.
In particular, £,¥(k,, k,, -+, k,,) = 0 if k does not satisfy the
condition

n
OSkSZ(ki—l)zK
i=1

It is clear that
Bl Gy e k) = ) 10y Ky

a€E™
The numbers £¥(ky, ky, -+, ky), for 0 < k < K, are
determined by the following identity:
A+x+x?+-+x DA +x+x% 4+ xk271) .
A+x+x2+4-4xfn 1) =
K

= Z fnk(kp ky, oo k) - xk,
k=0

k).

Let D be the standard arrangement in a— part of cardinality
b, 0<b < |a(Ty, «,)| = [Iit1 ki, and A be the standard
arrangement in Ty’ ..., of cardinality a,

0<ac< |Tk7t’llk2---kn| =2"- 1_[,(1

i=1
Then the numbers b and a can be represented as:

b = Zfﬂl:(kll k2; pkn) + bl’ Where

k)

(D
0< bl < fnk+1(k1' kz'

, k) + a;, where

(2)

i
0< a; < Fnt+1(k1,k2,""kn)

Lemma 1. If 0 < b, < ¥t (ky, ky, -+, ky,), then by can be
uniquely represented in the following form:

ZZ;"‘“”(M, ks ), (3)

r=1j=
WherelSn1<n2<---<n#<n,l0=0,
0<!l <k, —1for 1<r<pand

r r—1
k(r,j)=k—2ki+21i+nr+r+j.
i=1 i=0

Proof. Indeed, for b, there exists such a smallest integer
ny, 1 < ny < n, for which

FaGe? (kg1 kg2 ) < by <
kn,—1
<Y RS (g enguz e k). ()
j=0

Therefore

k(1,
Z n nlj)(kn1+1! n1+2!"'!k

k(1,1 1
0 < by < £ e o1 ks Ken)-

ni

n) + b,, where

It is evident that, by analogy with (4), one can find the
smallest number n,, n, < n, < n, for which

k(2,0
fa (nz)(kn2+1'kn2+2: :kn) <b, <

kn,—-1
k(2,)) k v k
f ( ny+1, n2+2: ’ n)

and thus,

k(2.5)
Z n Ny (kn2+1' n2+2:""kn

k(2,1 1
WhereO<b3<f( D ey 1 Kz o),

and so on, which completes the proof of the Iemma. [

)+ bs,
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According to (3), the number p, (b,) of all interior vertices
of the standard arrangement D, belonging to the shell
0F(a, k), is determined by the following formula:

uo
Peb) = ) D LD (ks ks k). (5)

r=1 j=0

Lemma 2. If A is the standard arrangement in Ty, ;._...,.,, Of the
cardinality given by (2), where

0= a; < Fnt+1(k1' k2' T kn)r
then the number a, can be uniquely represented in the

following form:
N

= Z Z fnt_"a"_miﬂ(kllkZ' 'kn) + ao,
i=1 qeE™ ™ . (6)
where 1<m; <m, <--<my<n and
0< ag < fnt_n+s(k1' k2' Y kn)

It is easy to see that when k; =k, ==k, =1,
formula (6) coincides with representation (3.1) of work [4].

According to (6) and (5), the number P, (a,) of all interior
vertices of the standard arrangement A4, belonging to the shell
0™(0, t), is determined by the following formula:

S

Pt(a1)=z Z fnt—llall—mi+i—1(k1’k2’m’kn)_I_

i=1 qeE™ M

+pt—n+s—1 (ao)

- (D

The following theorem follows from (5) and (7).

Theorem. If D is the standard arrangement in the a—part of
cardinality (1), and A is the standard arrangement in Ty ., .x.,

of cardinality (2), then
k-1

1Ba(DI] = D" fillis, ko, o) + i)
i=0

L

t—-1
IBU| = Y Filly Jep k) + Pe(ay).

i=0
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