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I. INTRODUCTION 
Definition 1. For any integers   

1 ≤ 𝑘𝑘1 ≤ 𝑘𝑘2 ≤ ⋯ ≤ 𝑘𝑘𝑛𝑛 < ∞, 
the multivalued n-dimensional torus 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛  is defined as 
the set of vertices:  

𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛 = 

= {(𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛)| − 𝑘𝑘𝑖𝑖 + 1 ≤ 𝑥𝑥𝑖𝑖 ≤ 𝑘𝑘𝑖𝑖 , 𝑥𝑥𝑖𝑖 ∈ 𝑍𝑍, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛}, 
where two vertices 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛)  and 𝑦𝑦 =
(𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑛𝑛) in 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛  are considered neighbours if they 
differ in exactly one coordinate 𝑖𝑖, and either: 

• |𝑥𝑥𝑖𝑖 − 𝑦𝑦𝑖𝑖| = 1, or 
• 𝑥𝑥𝑖𝑖=−𝑘𝑘𝑖𝑖 + 1 and 𝑦𝑦𝑖𝑖 = 𝑘𝑘𝑖𝑖, or vice versa. 
The sum and difference of two such vectors 𝑥𝑥 and 𝑦𝑦 are 

defined componentwise as: 
 𝑥𝑥 ± 𝑦𝑦 = (𝑥𝑥1 ± 𝑦𝑦1, 𝑥𝑥2 ± 𝑦𝑦2,⋯ , 𝑥𝑥𝑛𝑛 ± 𝑦𝑦𝑛𝑛) = 

= 𝑧𝑧 = (𝑧𝑧, 𝑧𝑧2,⋯ , 𝑧𝑧𝑛𝑛), 
where −𝑘𝑘𝑖𝑖 + 1 ≤ 𝑧𝑧𝑖𝑖 ≤ 𝑘𝑘𝑖𝑖  and 𝑧𝑧𝑖𝑖 ≡ (𝑥𝑥𝑖𝑖 ± 𝑦𝑦𝑖𝑖)(𝑚𝑚𝑚𝑚𝑚𝑚 2𝑘𝑘𝑖𝑖). 

 
Let us define the norm of a vertex 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛) as 

the number ∥ 𝑥𝑥 ∥ = ∑ |𝑥𝑥𝑖𝑖|𝑛𝑛
𝑖𝑖=1 . 

The distance between two vertices  𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛) 
and 𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑛𝑛) is defined as 𝜌𝜌(𝑥𝑥,𝑦𝑦) =∥ 𝑥𝑥 − 𝑦𝑦 ∥. 

The sphere of radius 𝑘𝑘 centered at a point 𝑥𝑥 ∈ 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  is 

defined as the set: 
 𝑆𝑆𝑛𝑛(𝑥𝑥, 𝑘𝑘) = �𝑦𝑦 ∈ 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛  � 𝜌𝜌(𝑥𝑥,𝑦𝑦) ≤ 𝑘𝑘}.  

The shell (or spherical layer) of radius 𝑘𝑘 centered at 𝑥𝑥 is 
defined as the set: 

 𝑂𝑂𝑛𝑛(𝑥𝑥, 𝑘𝑘) = �𝑦𝑦 ∈ 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  � 𝜌𝜌(𝑥𝑥,𝑦𝑦) = 𝑘𝑘}.  

 
Let 𝑒𝑒𝑖𝑖 = (𝛼𝛼1,𝛼𝛼2,⋯ ,𝛼𝛼𝑛𝑛) denote the unit vector in the i-th 

direction, where 𝛼𝛼𝑖𝑖 = 1 and 𝛼𝛼𝑗𝑗 = 0   for 𝑗𝑗 ≠ 𝑖𝑖 . Also, let 1� =
(1,1,⋯ ,1)  and  0� = (0,0,⋯ ,0)  denote the all-ones and all-
zeros vectors, respectively. 

Definition 2.  For a given subset 𝐴𝐴 ⊆ 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  we say that 

a vertex 𝑥𝑥 ∈ 𝐴𝐴  is an interior point of 𝐴𝐴 , if all of its 
neighbouring vertices also belong to 𝐴𝐴. We denote by  𝐵𝐵(𝐴𝐴) 
the set of all interior points of 𝐴𝐴.  

For any vertex 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛)  of 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛 ,  we 

define: 
• |𝑥𝑥| = (|𝑥𝑥1|, |𝑥𝑥2|,⋯ , |𝑥𝑥𝑛𝑛|), 
• 𝛿𝛿(𝑥𝑥) = (𝛼𝛼1,𝛼𝛼2,⋯ ,𝛼𝛼𝑛𝑛),  where 𝛼𝛼𝑖𝑖 = 1  if 𝑥𝑥𝑛𝑛−𝑖𝑖+1 >

0   and 𝛼𝛼𝑖𝑖 = 0 if 𝑥𝑥𝑛𝑛−𝑖𝑖+1 ≤ 0. 
For two 𝑛𝑛 -dimensional vectors 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛)  and 

𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑛𝑛)    with nonnegative integer coordinates, 
we say that  𝑥𝑥 lexicographically precedes 𝑦𝑦  (written 𝑥𝑥 ≺ 𝑦𝑦) if 
there exists an index 𝑟𝑟, 1 ≤ 𝑟𝑟 ≤ 𝑛𝑛, such that 𝑥𝑥𝑖𝑖 = 𝑦𝑦𝑖𝑖 for 1 ≤
𝑖𝑖 < 𝑟𝑟   and 𝑥𝑥𝑟𝑟 < 𝑦𝑦𝑟𝑟. 

Now we define an order on the vertices of the torus 
𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  as follows:  

a vertex 𝒙𝒙 precedes a vertex 𝒚𝒚  (written 𝒙𝒙 ⇐ 𝒚𝒚), if and 
only if one of the following conditions holds: 
1. ∥ 𝑥𝑥 ∥<∥ 𝑦𝑦 ∥, or  
2. ∥ 𝑥𝑥 ∥=∥ 𝑦𝑦 ∥ and 𝛿𝛿(𝑦𝑦) lexicographically precedes 

𝛿𝛿(𝑥𝑥), or  
3. ∥ 𝑥𝑥 ∥=∥ 𝑦𝑦 ∥, 𝛿𝛿(𝑥𝑥) = 𝛿𝛿(𝑦𝑦), and |𝑦𝑦|  

lexicographically precedes |𝑥𝑥|. 
It is easy to check that the order ⇐ defined on the vertices 

of the torus 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  is a linear order.  

 
Definition 3.  The first 𝑎𝑎 vertices of the torus 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛  
taken according to the above defined linear order, are called 
the standard arrangement of cardinality 𝑎𝑎, 0 ≤ 𝑎𝑎 ≤
|𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛 |.  
The torus 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛  with 𝑘𝑘1 = 𝑘𝑘2 = ⋯ = 𝑘𝑘𝑛𝑛 = 1 is called 
the 𝑛𝑛 - dimensional unit cube, and is denoted by 𝐸𝐸𝑛𝑛. 

 
For a Boolean vector 𝛼𝛼 = (𝛼𝛼1,𝛼𝛼2,⋯ ,𝛼𝛼𝑛𝑛), the set 

𝛼𝛼�𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛 � = �𝑥𝑥 ∈ 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛  | 𝛿𝛿(𝑥𝑥) = 𝛼𝛼� 
is called the 𝛼𝛼 - part of the torus 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛 . It is clear that  

𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛 = � 𝛼𝛼�𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛 �
𝛼𝛼∈𝐸𝐸𝑛𝑛

 

and all  𝛼𝛼 -parts of the torus are isomorphic.  
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Moreover, the 𝛼𝛼 - parts of  𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  are arranged 

according to the order ⇐ . 
For two vertices 𝑥𝑥 = (𝑥𝑥1, 𝑥𝑥2,⋯ , 𝑥𝑥𝑛𝑛)   and                              

𝑦𝑦 = (𝑦𝑦1,𝑦𝑦2,⋯ ,𝑦𝑦𝑛𝑛) , belonging to 𝛼𝛼�𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛 � , we define 

their sum as: 
𝑥𝑥 + 𝑦𝑦 = (𝑥𝑥1 + 𝑦𝑦1, 𝑥𝑥2 + 𝑦𝑦2,⋯ , 𝑥𝑥𝑛𝑛 + 𝑦𝑦𝑛𝑛) = (𝑧𝑧1, 𝑧𝑧2,⋯ , 𝑧𝑧𝑛𝑛), 

where (𝑥𝑥𝑖𝑖 + 𝑦𝑦𝑖𝑖) ≡ 𝑧𝑧𝑖𝑖(𝑚𝑚𝑚𝑚𝑚𝑚 𝑘𝑘𝑖𝑖) , 1 ≤ 𝑧𝑧𝑖𝑖 ≤ 𝑘𝑘𝑖𝑖  when 𝛼𝛼𝑖𝑖 = 1 , 
and −𝑘𝑘𝑖𝑖 + 1 ≤ 𝑧𝑧𝑖𝑖 ≤ 0 when 𝛼𝛼𝑖𝑖 = 0, for all  𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛. 

 
Let us define the sphere (respectively, shell) in 𝛼𝛼 =

(𝛼𝛼1,𝛼𝛼2,⋯ ,𝛼𝛼𝑛𝑛) –part centered at a point 𝑥𝑥 ∈ 𝛼𝛼�𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛 � 

with radius 𝑘𝑘, as follows:  

𝑆𝑆𝛼𝛼𝑛𝑛(𝑥𝑥, 𝑘𝑘) = �𝑦𝑦 = 𝑥𝑥 + �(−1)1+𝛼𝛼𝑖𝑖
𝑛𝑛

𝑖𝑖=1

∙ 𝑟𝑟𝑖𝑖𝑒𝑒𝑖𝑖 |  �𝑟𝑟𝑖𝑖 ≤ 𝑘𝑘
𝑛𝑛

𝑖𝑖=1

�, 

(respectively, 𝑂𝑂𝛼𝛼𝑛𝑛(𝑥𝑥, 𝑘𝑘) = 𝑆𝑆𝛼𝛼𝑛𝑛(𝑥𝑥, 𝑘𝑘) ∖ 𝑆𝑆𝛼𝛼𝑛𝑛(𝑥𝑥,𝑘𝑘 − 1)), where 𝑟𝑟𝑖𝑖 
are non-negative integers for all 𝑖𝑖, 1 ≤ 𝑖𝑖 ≤ 𝑛𝑛. 

The subset of internal vertices of a set  𝐴𝐴 ⊆ 𝛼𝛼�𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛 � 

in the 𝛼𝛼 – part is defined as: 
𝐵𝐵𝛼𝛼(𝐴𝐴) = {𝑥𝑥 ∈ 𝐴𝐴 | 𝑆𝑆𝛼𝛼𝑛𝑛(𝑥𝑥, 1) ⊆ 𝐴𝐴}. 

The linear order ⇐ defined above between the vertices of 
𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  within each α-part coincides with the diagonal 

sequence defined in [1], the initial segment of which we again 
call the standard arrangement.  

In the works [2-3], some properties of the standard 
arrangements of the discrete torus 𝑻𝑻𝒌𝒌𝟏𝟏𝒌𝒌𝟐𝟐⋯𝒌𝒌𝒏𝒏

𝒏𝒏  are proved. In 
particular, it is proved that the standard arrangement of any 
cardinality has the maximum number of internal vertices. This 
work presents a method for calculating the number of internal 
vertices of the standard arrangement. 

 

 

II. COUNTING THE NUMBER OF INTERIOR POINTS OF THE 

STANDARD ARRANGEMENT 
The special structure of standard arrangements allows us 

to determine the values of |𝐵𝐵(𝐴𝐴)| and |𝐵𝐵𝛼𝛼(𝐷𝐷)|, where 𝐴𝐴 is the 
standard arrangement of the torus 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛 , and 𝐷𝐷  is the 
standard arrangement of the 𝛼𝛼 - part 𝛼𝛼�𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛 �. 

Let us denote |𝑂𝑂𝑛𝑛(𝑥𝑥, 𝑘𝑘)| = 𝐹𝐹𝑛𝑛𝑘𝑘(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛) and  
|𝑂𝑂𝛼𝛼𝑛𝑛(𝑥𝑥, 𝑘𝑘)| = 𝑓𝑓𝑛𝑛𝑘𝑘(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛). 

In particular, 𝑓𝑓𝑛𝑛𝑘𝑘(𝑘𝑘1, 𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛) = 0 if 𝑘𝑘 does not satisfy the 
condition   

0 ≤ 𝑘𝑘 ≤�(𝑘𝑘𝑖𝑖 − 1)
𝑛𝑛

𝑖𝑖=1

= 𝐾𝐾. 

It is clear that  
𝐹𝐹𝑛𝑛𝑘𝑘(𝑘𝑘1, 𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛) = � 𝑓𝑓𝑛𝑛𝑘𝑘−∥𝛼𝛼∥(𝑘𝑘1, 𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛)

𝛼𝛼∈𝐸𝐸𝑛𝑛
. 

The numbers 𝑓𝑓𝑛𝑛𝑘𝑘(𝑘𝑘1, 𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛), for 0 ≤ 𝑘𝑘 ≤ 𝐾𝐾, are 
determined by the following identity:  

(1 + 𝑥𝑥 + 𝑥𝑥2 + ⋯+ 𝑥𝑥𝑘𝑘1−1)(1 + 𝑥𝑥 + 𝑥𝑥2 + ⋯+ 𝑥𝑥𝑘𝑘2−1)⋯ 
(1 + 𝑥𝑥 + 𝑥𝑥2 + ⋯+ 𝑥𝑥𝑘𝑘𝑛𝑛−1) = 

= �𝑓𝑓𝑛𝑛𝑘𝑘(𝑘𝑘1, 𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛) ∙ 𝑥𝑥𝑘𝑘
𝐾𝐾

𝑘𝑘=0

. 

Let 𝐷𝐷 be the standard arrangement in 𝛼𝛼– part of cardinality 
𝑏𝑏 , 0 ≤ 𝑏𝑏 ≤ �𝛼𝛼�𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛 �� = ∏ 𝑘𝑘𝑖𝑖𝑛𝑛
𝑖𝑖=1 , and 𝐴𝐴 be the standard 

arrangement in  𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  of cardinality 𝑎𝑎, 

0 ≤ 𝑎𝑎 ≤ �𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛 � = 2𝑛𝑛 ∙�𝑘𝑘𝑖𝑖

𝑛𝑛

𝑖𝑖=1

. 

Then the numbers 𝑏𝑏 and 𝑎𝑎 can be represented as: 

𝑏𝑏 = �𝑓𝑓𝑛𝑛𝑖𝑖(𝑘𝑘1, 𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛)
𝑘𝑘

𝑖𝑖=0

+ 𝑏𝑏1, where

 0 ≤ 𝑏𝑏1 < 𝑓𝑓𝑛𝑛𝑘𝑘+1(𝑘𝑘1,𝑘𝑘2,⋯ ,𝑘𝑘𝑛𝑛)

� ,      (1) 

 

𝑎𝑎 = �𝐹𝐹𝑛𝑛𝑖𝑖(𝑘𝑘1,𝑘𝑘2,⋯ ,𝑘𝑘𝑛𝑛)
𝑡𝑡

𝑖𝑖=0

+ 𝑎𝑎1, where

0 ≤ 𝑎𝑎1 < 𝐹𝐹𝑛𝑛𝑡𝑡+1(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛)

� .      (2) 

Lemma 1. If  0 ≤ 𝑏𝑏1 < 𝑓𝑓𝑛𝑛𝑘𝑘+1(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛), then 𝑏𝑏1  can be 
uniquely represented in the following form: 

𝑏𝑏1 = ��𝑓𝑓𝑛𝑛−𝑛𝑛𝑟𝑟
𝑘𝑘(𝑟𝑟,𝑗𝑗)(𝑘𝑘𝑛𝑛𝑟𝑟+1,𝑘𝑘𝑛𝑛𝑟𝑟+2,⋯ , 𝑘𝑘𝑛𝑛)

𝑙𝑙𝑟𝑟

𝑗𝑗=0

𝜇𝜇

𝑟𝑟=1

,     (3) 

where 1 ≤ 𝑛𝑛1 < 𝑛𝑛2 < ⋯ < 𝑛𝑛𝜇𝜇 < 𝑛𝑛, 𝑙𝑙0 = 0, 
0 ≤ 𝑙𝑙𝑟𝑟 < 𝑘𝑘𝑛𝑛𝑟𝑟 − 1 for  1 ≤ 𝑟𝑟 ≤ 𝜇𝜇 and 

𝑘𝑘(𝑟𝑟, 𝑗𝑗) = 𝑘𝑘 −�𝑘𝑘𝑖𝑖

𝑛𝑛𝑟𝑟

𝑖𝑖=1

+ �𝑙𝑙𝑖𝑖

𝑟𝑟−1

𝑖𝑖=0

+ 𝑛𝑛𝑟𝑟 + 𝑟𝑟 + 𝑗𝑗. 

Proof.  Indeed, for 𝑏𝑏1 there exists such a smallest integer 
𝑛𝑛1, 1 ≤ 𝑛𝑛1 < 𝑛𝑛, for which 

𝑓𝑓𝑛𝑛−𝑛𝑛1
𝑘𝑘(1,0)�𝑘𝑘𝑛𝑛1+1,𝑘𝑘𝑛𝑛1+2,⋯ , 𝑘𝑘𝑛𝑛� ≤ 𝑏𝑏1 < 

< � 𝑓𝑓𝑛𝑛−𝑛𝑛1
𝑘𝑘(1,𝑗𝑗)�𝑘𝑘𝑛𝑛1+1,𝑘𝑘𝑛𝑛1+2,⋯ , 𝑘𝑘𝑛𝑛�

𝑘𝑘𝑛𝑛1−1

𝑗𝑗=0

.      (4) 

 
Therefore, 

𝑏𝑏1 = �𝑓𝑓𝑛𝑛−𝑛𝑛1
𝑘𝑘(1,𝑗𝑗)�𝑘𝑘𝑛𝑛1+1,𝑘𝑘𝑛𝑛1+2,⋯ , 𝑘𝑘𝑛𝑛�

𝑙𝑙1

𝑗𝑗=0

+ 𝑏𝑏2, where  

0 ≤ 𝑏𝑏2 < 𝑓𝑓𝑛𝑛−𝑛𝑛1
𝑘𝑘(1,𝑙𝑙1)+1�𝑘𝑘𝑛𝑛1+1,𝑘𝑘𝑛𝑛1+2,⋯ , 𝑘𝑘𝑛𝑛�. 

It is evident that, by analogy with (4), one can find the 
smallest number 𝑛𝑛2, 𝑛𝑛1 < 𝑛𝑛2 < 𝑛𝑛, for which 

𝑓𝑓𝑛𝑛−𝑛𝑛2
𝑘𝑘(2,0)�𝑘𝑘𝑛𝑛2+1,𝑘𝑘𝑛𝑛2+2,⋯ , 𝑘𝑘𝑛𝑛� ≤ 𝑏𝑏2 < 

< � 𝑓𝑓𝑛𝑛−𝑛𝑛2
𝑘𝑘(2,𝑗𝑗)�𝑘𝑘𝑛𝑛2+1,𝑘𝑘𝑛𝑛2+2,⋯ , 𝑘𝑘𝑛𝑛�

𝑘𝑘𝑛𝑛2−1

𝑗𝑗=0

  

and thus, 

𝑏𝑏2 = �𝑓𝑓𝑛𝑛−𝑛𝑛2
𝑘𝑘(2,𝑗𝑗)�𝑘𝑘𝑛𝑛2+1,𝑘𝑘𝑛𝑛2+2,⋯ , 𝑘𝑘𝑛𝑛�

𝑙𝑙2

𝑗𝑗=0

+ 𝑏𝑏3,  

 where 0 ≤ 𝑏𝑏3 < 𝑓𝑓𝑛𝑛−𝑛𝑛2
𝑘𝑘(2,𝑙𝑙2)+1�𝑘𝑘𝑛𝑛2+1,𝑘𝑘𝑛𝑛2+2,⋯ , 𝑘𝑘𝑛𝑛�, 

and so on, which completes the proof of the lemma. � 
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According to (3), the number 𝑝𝑝𝑘𝑘(𝑏𝑏1) of all interior vertices 
of the standard arrangement 𝐷𝐷 , belonging to the shell 
𝑂𝑂𝛼𝛼𝑛𝑛(𝛼𝛼, 𝑘𝑘), is determined by the following formula: 

𝑝𝑝𝑘𝑘(𝑏𝑏1) = ��𝑓𝑓𝑛𝑛−𝑛𝑛𝑟𝑟
𝑘𝑘(𝑟𝑟,𝑗𝑗)−1 �𝑘𝑘𝑛𝑛𝑟𝑟+1,𝑘𝑘𝑛𝑛𝑟𝑟+2,⋯ , 𝑘𝑘𝑛𝑛�

𝑙𝑙𝑟𝑟

𝑗𝑗=0

𝜇𝜇

𝑟𝑟=1

.    (5) 

Lemma 2. If 𝐴𝐴 is the standard arrangement in 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛
𝑛𝑛  of the 

cardinality given by (2), where  
 0 ≤ 𝑎𝑎1 < 𝐹𝐹𝑛𝑛𝑡𝑡+1(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛), 

then the number 𝑎𝑎1  can be uniquely represented in the 
following form: 

𝑎𝑎1 = � � 𝑓𝑓𝑛𝑛
𝑡𝑡−∥𝛼𝛼∥−𝑚𝑚𝑖𝑖+𝑖𝑖(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛)

𝛼𝛼∈𝐸𝐸𝑛𝑛−𝑚𝑚𝑖𝑖

𝑠𝑠

𝑖𝑖=1

+ 𝑎𝑎0,

𝑤𝑤ℎ𝑒𝑒𝑒𝑒𝑒𝑒  1 ≤ 𝑚𝑚1 < 𝑚𝑚2 < ⋯ < 𝑚𝑚𝑠𝑠 ≤ 𝑛𝑛  𝑎𝑎𝑎𝑎𝑎𝑎
0 ≤ 𝑎𝑎0 < 𝑓𝑓𝑛𝑛𝑡𝑡−𝑛𝑛+𝑠𝑠(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛) ⎭

⎪
⎬

⎪
⎫

.   (6) 

It is easy to see that when 𝑘𝑘1 = 𝑘𝑘2 = ⋯ = 𝑘𝑘𝑛𝑛 = 1 , 
formula (6) coincides with representation (3.1) of work [4]. 

According to (6) and (5), the number 𝑃𝑃𝑡𝑡(𝑎𝑎1) of all interior 
vertices of the standard arrangement 𝐴𝐴, belonging to the shell 
𝑂𝑂𝑛𝑛�0� , 𝑡𝑡�, is determined by the following formula:  

𝑃𝑃𝑡𝑡(𝑎𝑎1) = � � 𝑓𝑓𝑛𝑛
𝑡𝑡−∥𝛼𝛼∥−𝑚𝑚𝑖𝑖+𝑖𝑖−1(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛)

𝛼𝛼∈𝐸𝐸𝑛𝑛−𝑚𝑚𝑖𝑖

𝑠𝑠

𝑖𝑖=1

+

+𝑝𝑝𝑡𝑡−𝑛𝑛+𝑠𝑠−1(𝑎𝑎0)

� .   (7) 

The following theorem follows from (5) and (7).  
 

Theorem. If 𝐷𝐷 is the standard arrangement in the 𝛼𝛼–part of 
cardinality (1), and 𝐴𝐴 is the standard arrangement in 𝑇𝑇𝑘𝑘1𝑘𝑘2⋯𝑘𝑘𝑛𝑛

𝑛𝑛  
of cardinality (2), then 

|𝐵𝐵𝛼𝛼(𝐷𝐷)| = �𝑓𝑓𝑛𝑛𝑖𝑖(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛)
𝑘𝑘−1

𝑖𝑖=0

+ 𝑝𝑝𝑘𝑘(𝑏𝑏1), 

|𝐵𝐵(𝐴𝐴)| = �𝐹𝐹𝑛𝑛𝑖𝑖(𝑘𝑘1,𝑘𝑘2,⋯ , 𝑘𝑘𝑛𝑛)
𝑡𝑡−1

𝑖𝑖=0

+ 𝑃𝑃𝑡𝑡(𝑎𝑎1). 
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