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Abstract—In this paper, we construct a numerical algorithm
to obtain a solution to a characteristic problem posed for one
class of hyperbolic quasi-linear PDEs with admissible parabolic
degeneration. In the process of constructing our algorithm,
we reduce our problem to the numerical analogue of classical
Goursat characteristic problem, because the methods of solving
of the latter are well studied.
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I. INTRODUCTION

In the paper [1], General integrals were constructed for some
equations, which belong to one class of Hyperbolic-Parabolic
mixed-type second-order PDEs. It contains squares of the
first derivatives of the unknown solution. Both families of
characteristics and the set of parabolic degeneracy also depend
on the unknown solution. For these equations, we have studied
the non-linear variant of the characteristic Goursat problem,
and applying the general integral, we proved the existence
and uniqueness of a solution to the posed problem. We also
found the analytical solutions in implicit form [1].

In the current paper, we consider an analogous problem
for the same equation mentioned in [1], and propose an
algorithm for the numerical solving of this problem. Equations
of this type were considered in papers [2–11], in which initial,
characteristic, and initial-characteristic problems were studied.

II. POSING OF THE PROBLEM

On the two-dimensional space (x, y), we consider a class
of non-strictly hyperbolic quasi-linear second-order equations

(u2y − uy)uxx − (2uxuy + uy − ux − 1)uxy+

(u2x + ux)uyy = Φ(x, y, u, ux, uy), (1)

where Φ is a given function of five variables, defined and
continuous on the space of independent variables (x, y) and
for all finite values of arguments u, ux, and uy .

It should be mentioned that posing of characteristic problem
for linear equations does not work for non-linear equations.
We consider our characteristic problem posed in the following
way:

characteristic problem. Suppose we have two Jordan arcs
of curves γ and δ derived from the common point (x0, y0).
They are strictly monotonic, smooth, open, and represented in
an explicit way by y = ϕ(x), y = ψ(x), correspondingly. We
also assume that ϕ ∈ C2[x0, a], ψ ∈ C2[x0, b]. Without losing
the Generality, we can assume that b > a. Let functions ϕ,ψ
satisfy the conditions:

ϕ′(x) 6= 0;−1, x ∈ [x0, a],

ψ′(x) 6= 0;−1, x ∈ [x0, b],

ϕ(x) 6= ψ(x), x ∈ (x0, a],

ϕ′(x) 6= ψ′(x), x ∈ (x0, b].

(2)

We have to find a solution to the equation (1) when Φ = 0,
and the domain of its definition, if we know the value of
the solution (x, y), at the point (x0, y0), and if the arc γ
is a characteristic curve, which belongs to the family of
the characteristic root λ1 = −ux+1

uy
and the arc δ is a

characteristic that belongs to the family of the characteristic
root λ2 = − ux

uy−1 .
In the case of equation (1), when the right-hand side Φ =

0, the corresponding differential relations have the following
form: {

(p+ 1)dx+ qdy = 0,

(1− q)dp+ pdq = 0,
(3)

and {
pdx+ (q − 1)dy = 0,

qdp− (p+ 1)dq = 0,
(4)

We add a compatibility equation to these relations

du = pdx+ qdy. (5)

We should note that relations (3), (4), and (5) are equivalent
to equation (1). We apply the well-known Monge notations
p ≡ ux, q ≡ uy. It also should be noted that (3) corresponds
to the root λ1, while the system (4) corresponds to the root λ1.
These two systems become equivalent only when p−q+1 = 0.
In this case, the equation (1) degenerates parabolically.
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We consider the case when the following condition is
fulfilled on the characteristics ϕ and ψ

p− q + 1 6= 0. (6)

Our goal is to develop and investigate an algorithm for a
numerical solution to the posed problem. On the segment
[x0, a], let us introduce a regular grid with a grid size h1

ωh1
= {(x̃0i , ỹ0i ), i = 0, 1, ..., n1, h1 =

a− x̃0
n1

,

x̃0i = x̃0 + ih1, ỹ
0
i = ϕ(x̃0i )}

and on the segment [x0, b], we introduce the grid with a grid
size h2 :

ωh2 = {(x̃j0, ỹ
j
0), j = 0, 1, ..., n2, h2 =

b− x0
n2

,

x̃j0 = x̃0 + jh2, ỹ
j
0 = ϕ(x̃j0)}.

Points of ωh1
grid are on the arc γ whereas the points of ωh2

grid are situated on the arc δ. Let us consider the following
numerical analogues of differential relations (3) , (4):

{
(p̃ji + 1)(x̃ji+1 − x̃

j
i ) + q̃ji (ỹji+1 − ỹ

j
i ) = 0,

(1− q̃ji )(p̃ji+1 − p̃
j
i ) + p̃ji (q̃

j
i+1 − q̃

j
i ) = 0,

(7)

i = 0, 1, 2, ..., n1 − 1, j = 0, 1, 2, ..., , n2.

and {
p̃ji (x̃

j+1
i − x̃ji ) + (q̃ji − 1)(ỹj+1

i − ỹji ) = 0,

q̃ji (p̃j+1
i − p̃ji ) + p̃ji (q̃

j+1
i − q̃ji ) = 0,

(8)

j = 0, 1, 2, ..., n2 − 1, i = 0, 1, 2, ..., , n1.

First, we should find the values of derivatives ux and uy
at the point (x0, y0). For this, in the first equations of both
systems, we take i = j = 0. Thus, we obtain the linear system
with respect to p and q at the point (x0, y0).

{
(̃p00 + 1)(x̃01 − x̃00) + (q̃00 − 1)(ỹ01 − ỹ00) = 0,

p̃00(x̃10 − x̃00) + (q̃00 − 1)(ỹ10 − ỹ10) = 0.
(9)

Determinant of the system equals to zero when

(x̃01 − x̃00)(ỹ10 − ỹ00)− (x̃10 − x̃00)(ỹ01 − x̃00) = 0,

But this is impossible because we have λ1 6= λ2 at the initial
point (x0, y0) due to the condition (6). Therefore, system (9)
has a unique solution.

If we manage to determine the values of p, q, and u at the
nodal points of the characteristics γ and δ, it will be possible to
reduce our problem to the numerical analogue of the classical
Goursat characteristic problem, since the methods of solving
it are well studied.

For this purpose, let us consider the following analogue of
the system (3) for j = 0


(p̃0i+1)(x̃0i+1 − x̃0i ) + q̃0i+1(ỹ0i+1 − ỹ0i ) =

= −(x̃0i+1 − x̃0i ),

(1− q̃0i )(p̃0i+1 + q̃0i+1 − p̃0i ) = 0,

(10)

i = 0, 1, 2, ..., n1 − 1.

Similarly, in the case of system (4), we can write the
corresponding system for j = 0{

p̃j+1
0 (x̃j+1

0 − x̃j0) + (q̃j+1
0 − 1)(ỹj+1

0 − ỹj0) = 0,

q̃j+1
0 (p̃j+1

0 − p̃j0) + (p̃j+1
0 + 1)(q̃j+1

0 − q̃j0) = 0,
(11)

j = 0, 1, 2, ..., n2 − 1.

In (10), we have unknown quantities p0i+1, q
0
i+1, i =

0, 1, 2, ..., n1 − 1, and in (11), the unknown quantities are
pj+1
0 , qj+1

0 , j = 0, 1, 2, ..., n2 − 1.
The systems (10) and (11) are uniquely solvable, because

according to (6), the corresponding determinants are different
from zero. Thus, the approximate values of the first derivatives
at the nodal points of the characteristics ϕ and ψ are deter-
mined uniquely. As for calculating the approximate values of
the solution u on the characteristic curves, we consider the
following difference analogues of the relation (5):

ũ0i = ũ0i−1 + p̃0i−1(x̃0i − x̃0i−1) + q̃0i−1(ỹ0i − ỹ0i−1), (12)

i = 1, 2, ..., n1

and

ũj0 = ũj−10 + p̃j−10 (x̃j0 − x̃
j−1
0 ) + q̃j−10 (ỹj0 − ỹ

j−1
0 ), (13)

j = 1, 2, ..., n2.

The right-hand sides of both equations consist of known
quantities and the values of ũ0i and ũj0 can be found in explicit
way at the nodal points. Thus, we reduced our problem to the
numerical analogue of the classical characteristic problem by
using (9)-(13) difference schemes. It is easy to show that the
approximation rates of these schemes are 0(h1) and O(h2),
correspondingly.

Let us introduce the following notations: sji = p̃ji −p
j
i , g

j
i =

q̃ji − q
j
i , v

j
i = ũji − u

j
i , where pji , qji and uji are the values of

ux, uy and u at the grid nodal (i, j) points.
Then, applying (9)-(13) schemes and taking into account

the smoothness of the exact solution, we obtain the following
relations:

(s0i+1 + p0i+1)h1 + (g0i+1 + q0i+1)ϕ′i+1h1+

+h21 = −h1,
(1− (g0i + q0i ))(s0i+1 + p0i+1) =

(1− (g0i+1 + q0i+1))(s0i + p0i ),

(14)

i = 0, 1, 2, ..., n1 − 1.
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
(sj+1

0 + pj+1
0 )h2+

+(gj+1
0 + qj+1

0 − 1)ψ′j+1
0 h2 = 0,

(gj0 + qj0)(sj+1
0 + pj+1

0 − sj0 − p
j
0) =

(sj0 + pj0 + 1)(gj+1
0 + qj+1

0 − gj0 − q
j
0),

(15)

j = 0, 1, 2, ..., n2 − 1.

v0i + u0i = v0i−1 + u0i−1 + (p0i−1+

+s0i−1)h1 + (q0i−1 + g0i−1)ϕ′ih1 (16)

i = 1, 2, ..., n1.

vj0 + uj0 = vj−10 + uj−10 + (pj−10 + sj−10 )h2+

+(qj−10 + gj−10 )ψ′j0h2, (17)

j = 1, 2, ..., n2 − 1.

Let us consider the equations (14) and (15). From these
equations, taking into account the error of approximation, we
can obtain:

s0i+1 + g0i+1ϕ
′
i = O(h21) (18)

(1− g0i − q0i )s0i+1 + (g0i+1 + q0i+1 − 1)s0i +

+p0i+1g
0
i + g0i+1p

0
i = O(h21), (19)

i = 1, 2, ..., n1 − 1.

From the equation (18), we can express s0i+1 and put it into
(19). Also taking into account the second equation of (7), we
obtain:

g0i+1 = − 1

p0i
(p0i+1 + (1− q0i+1))g0i +O(h1),

p0i 6= 0, i = 0, 1, 2, ..., n1 − 1.

If we write a similar relation for g0i and put it into the last
relation, we can express g0i+1 by g0i :

g0i+1 = O(h1)− g00 = O(h1),

Because
g00 = g̃00 − q00

Thus, we can write:

||gh1
||C ≤ Ch1, C = const.

Taking into account this inequality, from (18), it is easy to
obtain the following estimation:

||sh1 ||C = O(h1).

The convergence of the difference scheme (11), (12), (13)
is proved analogously.

Thus, we proved the following
Theorem 1: If the solution of the characteristic problem for

(1) and the functions ϕ and ψ satisfy the following conditions

u ∈ C3[x0, b], ϕ ∈ C2[x0, a], ψ ∈ C2[x0, b], b > a

and conditions (2) and (6) hold, and also in the domain of
definition of the solution we have ux 6= 0, then the difference
scheme (11), (13) converges and

||p̃− p||C = ||q̃ − q||C = ||ũ− u||C = O(h),

where h = max(h1, h2).
As we mentioned before, the difference scheme (10)-(13)

makes it possible to reduce the characteristic problem 1 to the
difference analogue of the classical Goursat problem, since we
already have the approximate values ofu, ux, uy at the nodal
points of the characteristics γ and δ. Consequently, we can
use the difference schemes (7), (8), and this way we obtain
the approximate values of the solution for our problem. In
the process of solving the problem, we also construct the
domain of definition of the solution. We do not prove here
the convergence of the schemes (7), (8), because the proof is
absolutely similar to the one given in [4].
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